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THE FREE PRODUCT OF GROUPS.* 


By ArtTIN. 


The traditional way of introducing the free product of groups consists 
in defining carefully the product of elements.and proving tlie associative law. 
We shall use here, on the contrary, a method where the associative law is 
obvious and all the difficulties arise from the discussion of equality. 

Let & be a set of groups T. Without loss of generality, we assume these 
groups to be disjoint. The elements of all these groups will be denoted by 
small letters a, b, c,- - - whereas the capitals A, B,- - - stand for symbolic 
products 
(1) A ==(jlo* * * An. 


The elements a; may or may not belong to the same f. The aumber n of 
terms is called the length of A. Two such products are equal if and only if 
they consist of the same factors in precisely the same order; in other words, 
no simplification is allowed in (1), not even if two adjoining elements belong 
to the same I or if one of the factors is a unit. Multiplication AB is defined 
in the obvious way by writing first the factors of A and then those of B. 
The associative law is therefore trivial. It is convenient to introduce also 
the “empty” product / which acts as unit element. Nevertheless we do not 
get a group since A ~ JF does not have an inverse element. In spite of this 
we use as pure notation A~* for the product 

It might happen that all the a; in (1) are from the same group I and 
that the product dn computed in has the value 1. We then call A 
an elementary expression. 

Let us now define a certain set A of formal products. It contains those 
products that we want later to equate to # and is defined by induction: 


1) E£ is in A. 


2) If A has a positive length it belongs to A if and only if it can be 


written in the form 


* Received May 10, 1946. 
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where all A; are elements of A (and have smaller length, of course) and where 
the a; are such that a,a2° - ‘dn is an elementary expression. 


We prove now a few lemmas about our set A. 


1) AeA implies A*e€A; AeA and BeA implies ABe A. Proof by 
induction. Both parts are true for A= JL. Let A be of the form (2). Every 
A; is shorter than A so thatthe theorem may be assumed for Aj. This 
proves directly the first half. For the second half we can assume AnBe A. 
Now AB has again the form (2) with A,B instead of An. 


-2) IfAeAand ASF we can always assume that A is of the form (2) 
with A, =F (or also with An—F if we prefer). Proof by induction. 
Assume A of form (2) and denote by B the whole product (2) but without Ao. 
Then Be A and If Ao =F we have nothing to prove; at any 
rate A, is shorter than A so that we may assume Apo = 0,B,b2.B.- - - Bn. 
Now A = ),B,b.Bz: bn( BrB). 


3) If the first and the last term of an AeA belong to the same TI, 
we can even assume in (2) that Aj =An—E£. 


Proof. We can assume Ag =F; now AneA so that we can write An 
in the form 
An = Bob, bm. 
This leads to 


Since a,d2° - -dnb,- - - bm is elementary, A is of the required form.. 


4) aAa and A belong to A or do not at the same time. Proof. a) Let 
AeA. aa is elementary so aAa'teA. b) Let aAate A. According to a 


previous lemma it is of the form 


so that we have 
A = * *Gn-yAn-1 and * *Gn-1 is elementary. 


Repeated application proves: 


5) BAB" and A belong to A or do not at the same time. 
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6) ABeA implies BAe A. Proof. ABeA implies AB-AA*cA 
since AA“ = AHA belongs to A. From 5) we get now BAeA, 


DEFINITION. A and B are called congruent, A=B, if and only if 
AB* eA (B*AecA would mean the same). 


We see at once: 
a) since AA*eA, 
b) implies B=A. Indeed implies BA*€ A. 


c) A=B and B=C implies A=C, because AB-'e A and BCecA 
imply eA and therefore A. 


d) A=Band C=D imply AC=BD. Indeed B*AecA and CD*eA 
imply B*ACD" and therefore ACD"B eA. 


e) AAT= EF, 


THEOREM 1. Our formal products form a group if we use the congruence 
instead of equality. The elements of A are precisely those congruent to LF. 


Let us now consider the elements A —a of length 1. Two of them are 
congruent, «= 0, if and only if ab-' is in A, Either ab~ has to be elementary, 
which means a = J, or both factors have to be in A and therefore to be the 
unit elements of their group. Our congruence equates, therefore, only the 
unit elements among our elements a. We therefore denote from now on all 
unit elements by 1. Let next a and b belong to the same group [ and let c 
be their product in fT. The formal product ab is then congruent to ¢ because 


abc" is elementary. 


Our group contains, therefore, each of the groups T as a subgroup, and 
different I’s have only the unit in common. 


In the sense of congruence we are now in the position to simplify a 
symbolic product A by uniting two adjoining factors as soon as they belong 
to the same group and by dropping every unit element. Since these operations 
reduce the length of A we finally arrive either at or at an expression where 
no factor is 1 and no two adjoining terms are of the same group. We call 
such an expression normal. 
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THEOREM 2. Hvery A is congruent to a normal form. 


Lemma. A normal form A =4,d2° - ‘dn of length >0 cannot be =1. 
Proof by induction. Assume it true for shorter expressions. If we write 
A in the form (2) all the A; are shorter than A and also normal (as parts 


of A). So they must be # and only A = a,a.- - ‘dn remains and has to be 
elementary. But that is impossible. 

If we ask now when two normal expression can be congruent, d:@2° * * dn 
== - - bm, we have to consider whether 6,7? can 


be = 1. Since this product must never become a normal expression before 
being reduced to # we easily deduce: 


THEOREM 3. Two normal expressions are congruent if and only if they 
are identical. 


PRINCETON UNIVERSITY, 
PRINCETON, N. J. 


(L?)-CONNECTIONS BETWEEN THE POTENTIAL AND KINETIC 
ENERGIES OF LINEAR SYSTEMS.* 


By AUREL WINTNER. 


1. Let primes denote differentiations with respect to a real variable, ¢, 
the range of which will be the half-line = 0. The functions to be considered, 
f(t), g(t), x(t), will be assumed to be defined and continuous on this half-line. 
For the sake of simplicity, it will be assumed from the beginning that all these 
functions are scalars. In addition, all functions will be regarded as real-valued. 

Correspondingly, z(t) will be said to be of class (L?) if 

oo 
x*(t)dt << 
0 
This is neither necessary nor sufficient in order that z(t) be of class 
(L) = (ZL): 
f | 2(t)| dt < 
9 
In fact, one of the principal difficulties connected with the oscillation problems 
to be considered is that 


(1) a(t) as 


cannot be assumed. 
The results will deal with the (L7)-solutions, x(t), of linear differential 
equations 


(2) + f(t)a=0 
and of the corresponding inhomogeneous equations 


(3) a” + 


The issue will be the (L*)-character of the derivative, 2’(¢). Such problems 
suggest themselves by the usual formal treatment of the characteristic func- 
tions, x(t), of a Schrodinger equation (where t==71). For, on the one hand, 
neither 


* Received September 25, 1946. 
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nor: 


should be assumed of a characteristic function and, on the other hand, the 
partial integrations (on which, for instance, the deduction of the relation of 
indeterminacy depends) cannot be made legitimate otherwise. 

In order to avoid this difficulty, I gave (iii) below, under the restriction 
(4), in a lecture many years ago. I noticed only recently that what is actually 
needed when “locating” continuous spectra, namely, (iv) below, can be 


concluded from (iii). 


2. If (2) is interpreted as a dynamical system, then 42” is the kinetic, 
and $fx? the potential, energy of a solution z—<zx(t). Their sum is not a 
constant, since the Lagrangian equation, (2), contains ¢ explicitly. To say 
that z(t) is of class (ZL?) means that the sum total of the density of the 
kinetic energy remains finite as t—> «©. The corresponding remark for z(t) 
and the potential energy, $f”, holds only if | f 4, the absolute frequency 
of (2), does not come “too close” to 0 and ©, as t— . 

This suggests that, under an appropriate restriction of the behavior of 
f(t) ast— «©, the (Z*)-character of 2’(¢) can be deduced from that of x(t), 
if use is made of a form of those “ virial ” considerations which, in the latter 
part of the fourth of his Vorlesungen iiber Dynamik, Jacobi has applied to 
the (non-linear, but conservative) case of a solar system. What can actually 
be proved in this manner is the second of the assertions of the following 


theorem: 


(i) If, as t>o, 


(4) f(t) =O(1), 


then a solution, x(t), of (2) cannot be of class (L?)unless x’(t) is also of 
class (L?). The same is true if (4) is relaxed to 


(5) f(t) = On(1). 
It is not in general true if (4) is omitted entirely; in fact, even f(t) > 0, 
hence 

(5 bis) f(t) = 01(1), 


is insufficient. 


= 
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In (5) and (5bis), the subscripts refer to boundedness from above 
“right ”) and from below (“left”), respectively. 
The insufficiency of the restriction (5 bis) is proved by the example 
(5*) f(t) = (e' +3) (ef —3) > 0, (OSt< 
For, in this case, (2) is readily verified to have the solution 7(t) = e* cos e*. 
Clearly, this solution is of class (L*), and (5 bis) is satisfied. Nevertheless, 
2’(t) is not of class (L?). In fact, 2’(t) is the sum of two terms, one of 
which is O(e*'), hence a function of class (L?), whereas the other term is 

— e# sin e*, a function which, in view of 
f (— e4 sin — f sin? s ds = 00, (s = e*), 
0 1 


fails to be of class (L*). 


3. The verification of the preceding solution makes it clear that, if 
f(t) is given by (5*), both 
a(t) coset and x(t) = sin et 


are solutions of (2). Since both of these solutions are of class (Z7), the 
example (5*) proves the second of the assertions of the following theorem: 


(ii) Jf f(t) is non-negative and satisfies, uniformly for all large t, a 

Lipschitz condition, 

| —f(tz)| S const. | ti: |, 
then (2) cannot have two linearly independent solutions of class (L*). The 
same is not in general true if the Lipschitz condition (which, incidentally, 
allows unbounded functions f(t), such as #8 or t, and even tsin*1/t) is 
omitted, that is, if only (5bis) or f(t) = 0 ts assumed. 

On the other hand, the Lipschitz condition is superfluous if (5 bis) is 
replaced by the assumption, (5), of (i). More generally, (2) cannot have 
two linearly independent solutions of class (L*) if f(t) has the property that 
no solution, x(t), of (2) is of class (L*) unless x(t) also is of class. (L*). 


The proof of the first assertion of (ii) proceeds as follows: 
It is easily verified (for instance, by a partial integration of the relevant 


Stieltjes integral) that 
d{a’*(t) + f(t)a?(t)} = df(t) 


§ AUREL WINTNER. 


is an identity in ¢ along any solution, x(t), of (2) (the notation df(t) is 
justified in itself, since f(¢), being subject to a Lipschitz condition, is abso- 
lutely continuous). Clearly, the last two formula lines imply the inequality 


co 


f | d{a’*(t) + f(t)x?(t)} | S const. f eae 


Hence, if z(t) is of class (LZ), the integral on the, left of this inequality is 
convergent. This means that the function 2*(t) + f(t)2*(t) is of bounded 
variation. In particular, it is a bounded function. It follows therefore from 
the first assumption, f(t) = 0 (which has not been used thus far), that 2”*(t) 
is bounded. In other words, a solution, x(¢), cannot be of class (Z7) unless 
a’ (t) = O(1). 

Consequently, if 2x(t) and = y(t) are two solutions of class (L’), 
then 2’(t) —O(1) and y(t) —O(1), and so the Wronskian, 2’(t)y(t) 
—y(t)x(t), is of class (Z?). But the Wronskian of any two solutions of 
(2) is independent of ¢ (Abel). Since a function which is independent of ¢ 
is of class (Z*) on the half-line 0=?¢ < © only if it vanishes identically, 
it follows that the Wronskian of z(¢) and y(t) is 0. Accordingly, x(t) and 
y(t) are linearly dependent. This proves the first assertion of (ii). 

The fourth assertion of (ii) (which, in view of (i), implies the third), 
can be concluded by a slight modification of the last argument. For, if 
z—=ax(t) and y=y(t) are of class (L’), then, by the present assumption, 
the same is true of 2’(¢t) and y’(t). But the product of two functions of 
class (L*) is absolutely integrable (Schwarz), hence integrable. Consequently, 
the Wronskian, although a constant, is integrable on the half-line OS t < 
and must, therefore, vanish. Since this means that x(t) and y(t) are 
linearly dependent, the last assertion of (ii) follows. 


4. The third assertion of (i) has been proved by the example (5*). 
The second assertion of (i), which remains to be proved, implies the 


following 


CoroLtary. If f(t) is restricted by (5), then a solution, x(t), of (2) 
cannot be of class (L?) unless x(t) satisfies (1). 


First, (i) and the assumptions of the Corollary imply that both functions 
a(t), v(t) are of class (Z?). Hence, the product x(t)2’(t) is absolutely 
integrable, and so its integral over the half-line 0=¢t< © is convergent. 
But, since rx’ = (4$2°)’, the convergence of this improper integral means that 


= (ore) 
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the square of x(t) tends to a finite limit as t—> 0. Finally, this limit cannot 
be distinct from 0, since z(t) is of class (L’). 


5. The remaining part of (i) is a particular case, g=0, of the 


following theorem: 


(iii) Jf f(t) is restricted by (4), or merely by (5), and if g(t) 1s of 
class (L*), then a solution, x(t), of (3) cannot be of class (L?) unless x’ (t) 


is also of class (L*). 


Only the “ external force,” g(t), and not the main coefficient function, 
f(t), of (2) as well, is required to be of class (L*). 

Since « and g are supposed to be of class (L?), the product zg is of 
class (L). Hence, (3) shows that the sum rv” + fx? is of class (LZ). In 
order to avoid a secondary complication which arises when (4) is generalized 
to (5), suppose first (4). Then, since x is of class (L?), hence z? of class 
(L), the product fx’ is of class (1). But the same is true of the sum 
au” + fx*. Consequently, rx” is of class (L). 

However, zx” is identical with (.2’)’ —2’*. On the other hand, the 
assertion of (iii), according to which 2’ is of class (L?), means that x” is 
of class (L). Hence, if the assertion were not true, then, since (xx’)’ — 2” 
is of class (L), and since 2’* = 0, it would follow that the indefinite integral 
of (xz’)’ must fend to © as t— oo. But this leads to a contradiction. 

In fact, the indefinite integral just mentioned is zz’ + const. Since 
rx’ = (42°)’, it follows that what is supposed to tend to © is (42?)’. But 
a quadrature shows that (2?)’—> co implies 2? «©, as t—> 0. However, 
x*— o contradicts the assumption that x(t) is of class (L*). This proves 
(iii) in the particular case, (4), of (5). 

In order to relax (4), put f(t) = p(t) + where p—max(f,0). 
Then both functions p, —n are non-negative (and continuous, since f is). 
Furthermore, since the assumption (5) means that p is bounded, and since x 
is of class (L?), the product pz? is of class (L). But 2” + fz? was seen to 
be of class (LZ) (without any assumption on f). It follows therefore from 
fa? = px* + na that the sum av” + nz? is of class (L). 

In particular, the indefinite integral of this sum tends to a finite limit 
as t—» ©. If the indefinite integral of the second term, na’, of the sum 
does not tend to a finite limit, then, since nxz* S 0, it must tend to — oo, and 
so the indefinite integral of the first term, 22’, must tend to o. Since 22”, 
being identical with (2a’)’— 2”, is not less than (22’)’, this leads to the 
same contradiction as before. 


~ a 
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Consequently, the indefinite integral of nz? cannot tend to — o. Since 
nz? = 0, and since ra” + nz? is of class (ZL), it follows that rz” is of class 


(LZ). The balance of the proof is the same as before. 


6. It will be convenient to use the following abbreviated manner of 
speaking : 

Derinition. Let f(t) be called of class (*) if every solution of the 
corresponding homogeneous differential equation, (2), satisfies 


(6) z(t) =O(1) and a2’(t) = O(1) 


There are various explicit criteria sufficient in order that f(t) be of 
class (*). For instance, it is known that f(¢) is sure to be of class (*) if 
there exists a positive constant, »*, satisfying either 


co 


f | f(t) —o?|dt < 
(where 0 < lim sup | f(t) —o? | S & is allowed) or 
t-0o 


oo 


| df(t)| < and f(t) ast 
(these two criteria are independent, even if f(¢) —> ? is assumed in the first). 
However, in the following theorem, the property (*) of f(¢) can be thought 


of as assured by some criterion. 


(iv) Let f(t) be a function which is of class (*) and satisfies (4) or, 
more generally, (5), and let g(t) be a fixed function of class (L?). Then 
the inhomogeneous equation (3), belonging to the given g(t), possesses a 
solution of class (L*) if and only if there belongs to every solution, x(t), of 
the homogenous equation, (2), a (unique) constant, c= Cz t), for which the 


function 
t 


(8) c— f x(u)g(u)du 


0 


becomes a function of class (L?). 

The existence of such a constant ¢ is required for every solution of (2), 
rather than for only those solutions of (2) which are of class (L*). 

The point in (iv) is that, in contrast to what is usually assumed in the 
theory of spectra, the (Z?)-requirement is now placed only on a solution of 
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the homogeneous equation, rather than on such a solution and on its 
derivative. The role of (ili) is precisely this reduction. 


7. The proof of (iv) proceeds as follows: 


Let x(t) denote a fixed solution of (2). If x(t) =0, then the constant 
the existence of which is claimed in (iv) clearly is c=0. It can therefore be 
assumed that «(¢) #0. Then (2) has a solution, say y(t), which is linearly 
independent of x(¢). This means that the determinant of the Wronksian 
matrix, 


(9) W(t) = 


y(t) 2 (t) 


does not vanish. Since det W(t) is independent of ¢ (Abel), and since y(t) 
can be multiplied by any non-vanishing constant, y(t) can be chosen as 
follows: det W(t) =1. Then the inverse of the matrix (9) is 


a’ (t — z(t 
(10) = r(t) 


—y (t) y(t) 


Since x(¢) and y(t) are solutions of the homogeneous equation (2), it 


is easily verified from (10) that, if @(¢) denotes the vector 


0 
(11) ott) W>(u) 
g(u) 


then the first component of the vector W(t)(¢) is a solution, 7 = v(t), and 
the second component of (11) the derivative, wo’(¢), of this solution, of the 
inhomogeneous equation, (3). (Needless to say, the differentiations occurring 
in this verification are equivalent to the proof of the rule for the variation 
of constants.) On the other hand, since either column of (9) is a vector 
the first component of which is a solution, and the second the derivative of 
this solution, of (2), the general solution of (2) results if an arbitrary 
constant vector is transformed by the matrix W(t). Hence, if a and 6b denote 
the components of the arbitrary constant vector, then the first component 


of the vector 


(12) W(t) p(t) + W(t) 
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represents an arbitrary solution, and the second component the derivative of 
this solution, of (3). 

By assumption, f(t) is class (*). Since the definition of this class 
requires (6) not only for the given x—-2(t) but for c—y(t) as well, it 
follows from (9) and (10) that all elements of both matrices W(t), W-*(t) 
are O(1) as t—> ©. Consequently, both components of the vector (12) are 
of class (ZL?) (for fired a,b) if and only if both components of the vector 


a 


o(t) + 


are of class (L*) for the same values of the scalar constants a,b. For, on 
the one hand, these two vectors are transformed into one another by the 
matrices W(t), W-*(t) and, on the other hand, the sum of two functions of 
class (L*), as well as the product of two functions one of which is of class 
(L*) and the other O(1), is of class (L’). 

Accordingly, a solution of (3) is of class (L*) along with its derivative 
if and only if the pair of integration constants a,b which belong to it by 
virtue of (12) is such as to render both components of the vector represented 
by the last formula line functions of class (L*). However, since the assump- 
tions made in (iii) with regard to f(t) and g(t) are assumed in (iv), the 
restriction just italicized, that concerning the derivative of a solution of (3), 
is made superfluous by (iii). On the other hand, (11) and (12) show that 
the vector in question is 


—2(s) 0 a 
ds + 
y(s) /\g(s) b 


which means that the first component of the vector is 


t 
a—f x(s)g(s)ds 


and the second the negative of 
t 
—b— ¥(s)g(s)ds. 
0 
Since both of these expressions are of the form (8), the proof of (iv) is 
complete. 


rere 
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8. Under the first assumption of (i), the content of (i) can be amplified 
as follows: 


(i*) If f(t) satisfies (4) and if a solution, x(t), of (2) ts of class (L?), 
then both this solution and its derivative must tend to 0, whereas no solution 
linearly independent of this solution can remain bounded, as t> 0. 


The first of these three assertions, viz., (1), has been deduced above as 
a corollary of (i). In fact, only (5), rather than (4), was assumed in this 
deduction. The following proof of the second assertion, viz., of 


leaves it undecided whether or not (4) can again be relaxed to (5). 
First, (i) implies that the product rz’ is of class (Z). It follows 


therefore from (4) that the same is true of f times zz’. In view of (2), this 


means that 2’x” is of class (LZ). Consequently, the indefinite integral of 2’ 
must tend. to a finite limit as t—>» «©. Since this indefinite integral is 4272, 
it follows that, if the assertion of the last formula line did not hold, 2x’ (t) 
could not be of class (L’). 

In order to prove the remaining assertion of the last italicized theorem, 
let c= y(t) be a solution of (2) satisfying y(t) —O(1). The assertion is 
that y(z) and x(¢) must be linearly dependent. 

What this assertion claims is the (identical) vanishing of the Wronskian, 
zy’ — yx’, the latter being independent of ¢ for any two solutions of (2). 
Hence, it is sufficient to show that ry’ — yz’ tends to 0 as > «©. But both 
xz and 2’ tend to 0 as {> «©. Consequently, it is sufficient to ascertain that 
both y and y’ are O(1). But y(t) —O(1) is assumed for the solution 
a= y(t) of (2), and so (4) and (2) imply that y”(t) =O(1). This com- 
pletes the proof, since y’(t) = O(1) is a necessity for every function y(t) 
having a second derivative and satisfying both y(t) =O(1) and y(t) 
=(0(1), as t— co (Hadamard). 
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IDENTITIES IN THE THEORY OF POWER SERIES.* 


By Issat Scuur.? 


1. Introduction. Let 


(1) g(x) =1+ aye + ace? +++ 
be a power series which converges in a certain neighborhood of c—0. We 
write 
co 
(2) (g(x) ]" => anpr’, = 1); n==Q,+1,+2 
p=0 
and introduce the infinite set of series 
(3) = an-v,v2"; n=(,+1,+ 2, 
v=0 


We wish to prove the following theorems: 


I. The ratio 


(4) dn(z) == 


is independent of n. 


li. If we put f(x) —-zg(z), then 
(3) = 9 (2). 
III. For every n=0,2+1,+2,:--> 


In order to establish the truth of these propositions, it suffices evidently 
to prove Theorem III. For, dividing two identities (6) for n-+1 and n 
Pns1 (x) 


we get the identity (5) with y(z) = ; this proves further the inde- 


* Received June 10, 1946. 

1 Died January 10th, 1941, Tel-Aviv, Palestine. This is the third posthumous paper 
of the deceased. The preceding two papers were: 1. “ On Faber polynomials,” American 
Journal of Mathematics,- vol. 67 (1945), pp. 33-41. 2. “Ein Satz tiber quadratische 
Formen,” American Journal of Mathematics, vol. 67 (1945), pp. 472-480. The present 
Note has been elaborated on the basis of a manuscript of Schur by M. Schiffer, Hebrew 


University, Jerusalem, in cooperation with Prof. M. Fekete. 
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pendence of ¥(a#) of the index n. Thus, Theorems I and II follow easily 
from Theorem III which will now be derived from Cauchy’s Theorem.? 


In fact, we have for small enough r 


£\ ]n-v 
(7) An-v,v = 1/271 dé, 


whence, in view of (3), for | 2| small enough 


(8) = 1/2m1 é 2 dé 


ae. 
lel=r £9 (€) 
Consider now the equation 
(9) «= yg(y) =f(y) 


which possesses for small enough | x | a unique solution y in the neighborhood 
of y=0. Obviously, ¢n(x) is equal to the residue of the integrand of (8) 
at the point €=y. Hence, we get finally 
— 

10 n(x) = dal f(y) 

(10) n(x) = onl f(y) ] ry)? 
which proves Theorem III. 

Let us write the identity (5) in the form 

(5”) (x) ] = f(z). 

This is equivalent to the theorem 


IV. The function y=f(«#) =2g(z) has the inverse function 


(11) x—=h(y) = y/p(y)- 
Another simple representation for the inverse function h(y) is easily 
derived from (6). In fact, putting n = —1, we get 


Integrating with respect to x between the limits 0 and z, we get identically 


in 


V. The inverse function «—h(y) of y=f(zx) has the development 


2 The following proof is due to Mr. George Schur. 
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oO 
(12’) e=h(y) = (av v-1/v)y’. 
p=1 


The calculation of the coefficients a,» is very much facilitated by the 
following remark. The coefficients a_,,, in the development 


co 
(13) [g(x) = 
are given by the well known formula 


If, on the other hand, we differentiate identity (2) with respect to a; and 
compare the coefficients of z# on both sides, we find 


Thus, by means of (14), we may compute all coefficients a_v,, by differentiating 
the asx. In fact, we obtain 


(15) NA_n-1, 
whence, by iteration, 
(—1)"* 
15’ 
(n—1)! 


The coefficients in the development (12’) have, therefore, the form 


A_v,v-1 (—1)”" 


Vv 


and may be easily calculated from (13’). 
We further point out the following identity which results immediately 


from (11) and (12’): 
(16) > (d_v,v-1 1. 
p=1 


The identity (12’) is closely related to Lagrange’s inversion formula. 
This formula permits to solve the equation 


(17) t=a-+ 


for any given function g(x), analytic at x —a, for small enough y. If (2) 
is a function which is analytic at x —a, we obtain, by the formula mentioned 
above, the following development of ¢(z) into a series in powers of y: 


| 
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which converges for small enough y. 
Let us put in (18) a0, ¢(x) =z and use our notations from (2). 
We obtain 


fo @) 


(19) (dv,vs/v)y” 
p=1 

as an inversion formula for 

(19’) yg(x). 


If we replace g(x) by g(x) = g(x) we have to put instead of av,v-, the 
coefficient a_v,v-:. Thus, the inversion of y= is given exactly by (127). 
This identity is, therefore, a simple consequence of Lagrange’s formula. 

Next, we applv Lagrange’s formula (18) with a=0, ¢(z) =a 
(k= 1,2,---). We find 


(20) ak = (kb + 


v=o 


Putting x = yg(x), we immediately obtain 


(20’) [9 (2) (+9). 


Let us replace here again g(x) by g(x)" and at the same time dv,» by @-v,p. 
We obtain the identity 


in z and y, if these variables are connected by the equation 
(21’) y= «g(x) = f(z). 
Multiplying both sides of (21) by y* = a*g{x)*, leads to 
(21”) ak /k + (k= 1,2,--*). 
v=0 
Differentiating the last identity with respect to 2, we obtain, in virtue 
of (3) and (21’) 
y=0 
whence in view of (21’) 
(22”) [g(x) = f(x) J. 
Thus, we have derived identity (6) for n negative from Lagrange’s formula, 


2 


y=0 
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2. Inverse Matrices. Lagrange’s formula as well as our identity (6) 
may be proved by means of Cauchy’s Theorem. The main task of this paper 
is to prove Theorem III in a purely arithmetic way and so open a new access 
to Lagrange’s formula. 

The decisive role in the establishment of the basic identities, used in 
this proof, is played by the following trivial 


Lemma. Denote by [y(x) |x. the coefficient of 2* in the development of 
the arbitrary analytic function y(x) into powers of x. With this notation, 


the function (1) satisfies for k =1,2,-- - the equations 
(23) + x. = 0, 
(23°) [9(2)* + = 0. 


The truth of this lemma follows immediately from the fact that 
(24) = (1/k)(g(x)*)’, g(x) (x) = (— 1/k) (g(x) *)’ 
whence 
(24°) [xg = aux, (a) (2) Ji. = — 
which, in virtue of (2), proves (23) and (237). 


By means of the preceding lemma, we prove now the following 


THEOREM. For every function g(x) of the type (6) define the two 
matrices 


with dnp vanishing for p < 0 and being defined by (2) for p=0. Then, the 
inverse matrices are given by the formulae 


(26) M* = ((u/v)a-v,n-v), N* = 


Proof. Obviously, all four matrices mentioned in the theorem are tri- 
angular matrices, the diagonals of which consist of units. To prove, therefore, 
that M and M- are in fact inverse matrices, it suffices to show that for 
pp >v=1 we have 
(27) Juv = (A/y)0-v,.-v = 0. 


ySASu 
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Now, it is easily verified that 

(28) [g(x)*> = p> Ap, = vd py 

and that, therefore, 


(28’) [vg ()"(g — 2g (x) Jus. 
= v[g(x)*” (x) Juv =0 


because of (23). Thus, we have proved (27). 
In exactly the same way, we may prove for every » >v=1 that 


(29) Iw= Appr’ =0 


which is equivalent to the matrix equation N*:N—1. In fact, we have 


(30) (x)”)’/a-*) = > = pI 


On the other hand, we may write the left hand expression in the form 
(30°) [vg(x) + ag Jn. 


which vanishes in view of (23’). Hence, yyy = 0, which completes our proof. 
We introduce a further matrix 


100 0 
0200 


and write M—M(g), N=N(g) in order to emphasize the dependence of 
these matrices on the function g(x). Then, we obviously have in view of (25) 
and (26) the matrix equation 


(32) M-*(g) = KN (1/9) 
since replacing g by 1/g means a change from av,» to a-v,» in all matrices. 
Hence, 

(33) K = M(g)-K-N(1/9) 

or replacing g by 1/9, 

(33’) K —M(1/g) -K-N(g) 


(33”) N(g)* = (1/9) K = ((v/#)@-p,n-v). 


) 
| 
f 


20 ISSAI SCHUR. 


Thus, we see that the knowledge of M-, leading to the identity (32), provides 
a new way for calculating NV. 


3. Lagrange’s Inversion Formula. The matrix identities found in 
the last paragraph will be applied now to prove Lagrange’s formula—and 
thus all its consequences—in a purely algebraic way. 

First of all, we want to solve the equation 


(21’) y = xg (x) 

by means of a series in powers of y 

(34) Ay’? + Ay? 

In order to determine all Av insert in (34) y= ag(x) and compare on both 
sides the coefficient of Putting = for m 4 we get 


(35) = Q1,m-1 + A 1Q2,m-2 Aoflz,m-3 Am-14m,0; (m =e 1,2,°- 


(811 ) 
812 Ai 
Az 
(35’) § == A= ; 


in this notation (35) may be written as 
(35”) §=N-A 
which yields by inversion 

(36) A = N-'-8, 


whence, in view of (26) and: (35), 


(37) Ap = + 
Thus, we have solved the equation (21’) uniquely by the development 
(34’) + + +° °° 


which is exactly the statement of Theorem V. 
Next, let us deal with the more general question of determining the 


coefficients in the development 
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where y and « are connected by the equation (21’). Comparing on both sides 
the coefficient of x”, we obtain 


(39) Siem ByAkm-k + Bras Axs1,m-k-1 +Bmdm,o- 


In order to express (39) in the form of a vector equation, we define the vectors 


By > 
B, 


By means of these definitions we may write instead of (39) 
(39”) = N-B 

whence, on multiplication by N-, 

(40) B= Bu = (k/p) 
The development (38) has, therefore, the form 


(41) = + (k/(k+ 1) ) 


The formula (41), valid in view of (34’) also for & =1, is identical 
with (21”), i. e., with Lagrange’s inversion formula for the equation y = zg(z). 
We have derived here this important formula in a purely arithmetic way. 

It is usual to give the inversion formula for the equation 


(42) yg(z). 


We have already dealt in 1 with the connections of the corresponding results 
(compare formula (20) ). 

We have derived already in 1 the identity (6), for negative n, from 
equation (21) in a purely formal way. Hence, having proved (21) by arith- 
metic means only, we did the same for identity (6) in case of n negative. But 
this identity may be conceived as an identity between the coefficients of 2” 
on both sides, which are polynomials in n, a;, d2,:--. Therefore, these 


identities remain valid for n positive also. 


| 
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We may even generalise this last result. We put 
(43) y(x) =a,r + =1+4+ y(2) 


and define for every real or complex « 


(44) g(x)* iw ) y(x)” x(x) == te, 


y= 


Evidently, the dx-v,v are still polynomials in x, Hence, the identity 
(6), being valid for n=—1,—2,—3- ~~, remains valid for all complex 
values of n. Thus, we have proved the most general form of (6) by purely 


algebraic means. 
.Finally, we mention another group of identities. In analogy to ¢n(zx) 


we define series 


(45) Wn (x) => > 


p=0 


We emphasize the correspondence between ¢n, Yn and the initial function g(z) 
by the notation ¢n(x;g) and Yn(x;g). Then, we have obviously 


(46) = $-n(z; (1/9)). 

For every integer value of n we have, in view of (16), 

(47) g(x)"** = (xg(x) )’on(xg (x) 59). 

Replacing g(x) by 1/g(a) yields, in virtue of (46), 

g(x)" = (2/9 (x) )’bn(x/g (x) 31/9) = (2/9 (x) 39). 
Writing — n instead of n yields clearly 

g(x) = E(x) (2) 59), E(x) = g(x) —2g'(z). 
From (47”) it is obvious that 

(48) W(x) = (2) (2) 


is independent of n; but this result is also a consequence of definition (46) 


and Theorem I. 
Further, we may write, in view of (47) and (47”), 


(49) g(x)"** = (g(x) + 29’ (2) (x) = (g(x) — 2g’ (x) 
whence the result that 
(49’) = g(x) + 29’ (x) /g(x) — 29’ 


is independent of n. 
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4. Another Inversion Formula. In this paragraph we shall consider 
series of the type 


(50) 2+ a, + + 29(1/2), 

g(z) 
We wish to invert (50) into the form 
(51) 


In order to determine the coefficients Av, put x—1/z and consider the 
identity in z: 


(51’) +A, + + 


Comparing the coefficients of 2” on both sides of this identity yields 


pr1 
(52) ‘As = — ay > A == () (v => 2, 3, Px 
p=1 
We introduce the vectors 
1; 
— i, 
J 


then, the system of equations of (52) may be written, in view of definition 
(25), in a single vector formula 


(52”) C= N(1/g) D, 

whence, in virtue of (26), 

=1 


We introduce the series 
We have by (53) evidently 


=1 
On the other hand, 


). 
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(56) g(x) + 2a.w? + -—29'(z); 
hence, in virtue of (55) and (56), 
(57) — [2g — g(x)" + 
Now, we apply the lemma of 2; in virtue of (23) with k—=n-+ 1 we have 
— = [9(£)"]nu. = 
We find, therefore, for (51) the simple expression 
(58) z= — a2,3/2 (1/w?) — (1/w") 
If we write r = 1/z, y=1/w, we may put (50) into the form 
(42’) yg(x). 
This allows the following interpretation of (58): 
(59) (41,2/1)y + 


i.e., this series is a generalization of Lagrange’s inversion formula (20) 
for k —1. One might be tempted to apply directly (20) with k—=—1; 
but in this formula appears the term dx,:,1/(k +1) which is undefined for 
k==—1. If, however, we replace this meaningless term by a, the formula 
(20) with 4 ——1 is the same, term by term, as (59). 

Let us write (20) with k —1; we obtain 


(60) (@2,1/2)y? + (a3,2/3) y® + 
Multiplying (59) by (60) we obtain the identity 
(61) (1—ay— (41,2/1)y® — (a2,3/2)y® 

(1 + (42,1/2)y + (43,2/3)y? *) = 1. 


There arises now the question of generalizing Lagrange’s formula (20) 
for general k. We proceed in an analogous way as in 8. We solve equation 
(42) by the development (60) : 


(62) yh(y) =y(1 + (d2,1/2)y + (43,2/3)y? +° 
We introduce this development into the formula (20), valid for positive integer 
values of &. After dividing by y* we obtain 


oo 


(63) h(y)*/k > + 


p=0 


4 
| 
| 
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If we write 


oo 
(64) h(y)" = > ba vy’ (aan 2 


we get, by comparing the coefficients of like powers of y” on both sides 
of (63), 


(65) bi.m/k +- m (k = a m= 0, 2, 


By definitions (2), (62) and (64), the dxsm,m and bx,m are, for m fixed, poly- 
nomial functions of k&,4a,,d2,: - +. Therefore, on each side of (65) stands a 
rational function of & and both functions coincide for positive integer values 
of k. Hence, these functions are identical and the equality (65) holds for 
every (complex) value of k&. Formula (20) is, therefore, also true for every k, 
except for negative integers for which one of its terms becomes meaningless. 
In order to generalize (20) for the case of negative integers tod, we have 


only ,to replace the undefined quotient di-sn,n/(* +) in the case k =—n by 
the limit 

lim dksnn/(k +n). 

k>-n 
We have obviously 

] 
(66) lim = log g(x), 
1=0 


whence, by comparing.the coefficients of x” on both sides, 


(67) lim di,m/l = [log- g(x) (m=1,2,- 
Hence, in the case k=—vn, we have to replace in (20) the term 


Ansnn/(k +n) by [log Jn. 
If we put 


fe) 


(68) log g(x) = 
v=1 
we may write Lagrange’s inversion formula (20) for k=—pn in the form 
(69) (a-¢n-1),1/— (n—1))y (n-1) 


+ (@-1,n-1/— 1)y* Yn + 


In a similar way, we obtain a new identity by adding to both sides of 
(63) the term —1/k and then passing to the limit k=0. We obtain 


co 
(70) log h(y) => (a,v/v)y’. 
p=1 


= 
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On the other hand, we have in view of c= yg(x) and x= yh(y) obviously 
h(y) and thus 


(70’) log g(x) = > (av,v/v)y”. 
p= 
Finally, we apply the formula (69) in the case of series (50). We put, as 


before, x —1/z, y=1/w which transforms equation (50) into (42) and 
vice versa. Instead of (69), we obtain, for positive integers n, 


(71) = w"/n + (1 — 1) — yn 


Consider now the polynomial 


(72) Pn(w) =n[wr/n + —1)) 
0 — yn]; 


it has the remarkable property that by introducing w = zg(1/z) = f(z) we 
get a development 


(72) Pu(f(z) = 2" + a1/z + 


with 2” as the only non-negative power of z. By this characteristic property 
the polynomial P,,(w) is associated uniquely with the series w = f(z) and is 
called the n-th Faber polynomial of f(z). It plays an important role in the 
theory of conformal representation.® 

On comparing the developments (68) and (70’) we obtain, in view of 
(20), the equality 


(73) = Dd bye + v (avy/v)y’. 
k=1 k=1 y=1 
Comparing the coefficients of equal powers of y on both sides yields 
m-1 
(74) (m — v)Y¥m-vm,v = Am,m (m = 


an interesting relation between the dyv. 


> Compare: Schur, I., “On Faber Polynomials,” American Journal of Mathematics, 
vol. 67 (1945), pp. 33-41. 
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A NOTE ON DIVISION RINGS.* 


By N. JAcosson. 


In this note we consider division subrings ® of a division ring P such 
that the left dimensionality (P : ®); is finite. If & denotes the ring of linear 
transformations in P regarded as a vector space over the set ® of left 
multiplications by elements of ® then clearly 2 contains the subring P, of 
right multiplications by elements of P. The relation (2: Pr)r-—=(P: ©): 
can be established (Theorem 1). Thus & has finite right dimensionality 
over P,. The principal result of this paper is that the converse of these results 
holds, namely, if & is any ring of endomorphisms of the additive group of P 
such that 1) %& contains P, and 2) (% : P,), is finite, then & coincides with 
a ring & of linear transformations of P over ©; where ® is a division subring 
of P such that P over ® is finite. A complete reciprocity is established 
between the rings % (or 2) and the subrings ® of P. 

There are a number of applications of our results. One of these, the 
theory of automorphisms in a division ring, is developed here. In this con- 
nection we generalize the concept of a closed group of automorphisms intro- 
duced by Emmy Noether? for groups of inner automorphisms and we establish 
a Galois correspondence between closed groups that satisfy a certain finiteness 
condition and their division subrings of invariants. The theorem of Noether ?- 
Artin and Whaples* on commutators of division subalgebras containing the 
center [ and our own results on finite groups of outer automorphisms are 
contained as special cases of the theorems derived here. 


1. Let P be a division ring and ® a division subring of P of finite left 
index m. By this we mean that the left dimensionality (P : #):=—=m< 0. 
Here we are regarding P as a left vector space (or modrie) over ® or, what 
amounts to the same thing, as a group relative to the set ®; of left multipli- 
cations éa,== in P, ain ®. Let denote the ring of linear trans- 
formations (1.t.) of P over ®:. Thus Ae if and only if A is an endo- 


morphism of tie sdditive group of P and 


* Received June 28, 1946. 
1 [5], p. 529. 
? [5], p. 528. 
[1], p. 104. 
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(af) A = a(€A) 


for all ae ® and alle P. Evidently & contains the set P; of right multipli- 
cations £—> ép,=€p in P. Since leP,, & may be regarded as a (right) 
vector space over P,. When this is done we obtain the following theorem: 


THEOREM 1. The dimensionalities (2: Pr)r and (P: ®): are equal.‘ 


Let &:, &,° * -,&m be a left basis of P over ®. Then any l.t. in P over 
®; is completely determined by its effect on the &. Now define Cj, 
j =1,2,- --,m, tobe the 1.t. such that 


and &Cyj=—0 if 17. 


Then =Cjnjr maps & into 7%. Hence SCjyjr = 0 implies that all the nj = 0. 
Thus the C’s are right independent relative to P,. On the other hand if A 
is any 1. t. in P over :, let &A —7;. Then A coincides with &Cjnjr. Hence 
the C’s form a right basis for 2 over P,. 


2. We assume now that % is any ring of endomorphisms acting in the 
additive group of P that 1) contains P, and 2) has finite dimensionality 
(2%: Pr), Let C be any endomorphism in P that commutes with every 
AeW. Then since C commutes with every right multiplication, C—y: a 


left multiplication.® The totality of y obtained in this way is a division sub- 


ring ® of P that we shall call the division ring of %-invariants. 


THEOREM 2. Let U be a ring of endomorphisms of the additive group 
of P such that 1) ADP, and 2) (WU: Pr)r—=m< o and let ® be the 
division subring of M-invariants. Then (P : ®)1 =m and =X the com- 
plete ring of 1.t. of P over 1. 


Since 2 — P,, % is an irreducible ring of endomorphisms in P. Since 
(2 : P-)r < co, Y satisfies the descending chain condition for right ideals. 
Now ®@; is the division ring of endomorphisms commutative with the elements 
of the irreducible ring %. It follows from known results on irreducible rings 
of endomorphisms that (P: ®):< © and that U—X the complete ring 
of 1. t. of P over ©:.° By Theorem 1 (P : ©); = 

To complete the reciprocity between ® and & we require the following 


theorem: 


‘The present proof of this theorem, which is simpler than my original one, was 
communicated to me by R. Brauer. 

5 [2], p. 54. 

* [4], in particular Theorems 6 and 3. 


le 
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THEOREM 3. Let ® be a division subring of finite left index P and let 2 
be the ring of 1. t. in P over ®:. Then reciprocally ©; is the complete set of 
endomorphisms in P that commute with all the endomorphisms belonging to &. 


This result is well known for arbitrary vector spaces.’ It can also be 
obtained as a consequence of Theorems 1 and 2. For let © be the division 
ring of 2-invariants. Then by Theorem 2, (P: ¥)1:—=(&: Pr)r. On the 
other hand ¥ and (P: ©); by Theorem 1. Hence ¥—®, 

If (P: ®): << © and & is the ring of 1.t. of P over ®: our results 
establish a (1— 1) correspondence between the division rings Y between P 
and ® and the rings 8 between P, and &. If W is given then % is the ring 
of 1. t. of P over W. Clearly P-C 8C. On the other hand if 8 is a ring 
between P, and & then the set W of B-invariants is a division subring con- 
taining ®. These two correspondences are inverses of each other. 

All of the above results can, of course, be duplicated for division subrings 
of finite right index. In the remainder of this note we consider some applica- 
tions of these theorems to the theory of automorphisms in a division ring. 


3. Let A be an automorphism in P. Then A is an endomorphism of the 
additive group of P and (é))A = (£A)(7A). Thus we have the following 
fundamental commutation rules governing automorphisms and multiplications : 


(2) nrA =A(nA)r = 


We consider now the possible forms of linear relations with coefficients 
that are multiplications that can hold for automorphisms in P. First let 
I,,I2,- - -In be inner automorphisms, say, = Then = 
if tj: is the left multiplication determined by 7; and rj, is the right multiplica- 
tion determined by 7;. Suppose that the r’s are linearly dependent over I where 
T is the center of P. Then there exist y; not all 0 such that =7iyi = 0. Hence 
Sitiryir = Stiryir = Stiryit = 0. Since not every tjryjr equals 0 this shows 
that the J; are linearly dependent over P,. 

Conversely suppose that we have a relation Jini, = 0 where not every 
| nir =0. Then =O where pj = so that not every pj —0. We 
assert that this implies that the 7; are dependent over fT. This is the following 


well-known lemma: 


LemMA 1. If 7,72, ta are elements of P that are linearly indepen- 
dent over Y then. the left multiplications t11,721,--*,Tat are linearly 


independent over P,. 


[2], p. 22. 
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For the sake of completeness we give the proof. If the 7,’s are dependent 
over P, there exists a shortest relation which we can suppose to de of the form 


(3) TilPir +- Toler 0 


where all the wi are different from 0. We may assume also that pir = 1,. 
Since the rj; are independent over IT, one of the p’s, say po, is not in I. 
Hence there exists a v such that pov —vy2~0. Multiplication of (3) on 
the left and on the right by v, followed by subtraction of the resulting 
relations gives a new relation shorter than (3). This contradiction proves 
the result. 

We suppose next that A1,As,°--*,Au are automorphisms that are in 
distinct cosets of the subgroup of inner automorphisms. Then no A;A;~', 
tj, is inner. Let U denote the ring of endomorphisms generated by the 
left and the right multiplications. The elements of U have the form 


U = + We wish to prove the following lemma. 
LemMMA 2. If are automorphisms such that no 


1 j, is inner, then a relation 3AiU; =0 where the UjeU can hold only 
if every Uj = 0. 

We may choose elements 7, 72,° - -, 7 such that the left multiplications 
tiz are independent over P, and such that every Ui = Srjipjir. Then our 
relation reads SAitjipjir We shall show that every pj; —0. For 
otherwise we may suppose that SAirjiujir =O is a shortest linear relation 
connecting the hu elements Ajtj: in which the coefficients pjir 40. We may 
suppose also that 4i::1—1. We shall show that no A other than A, occurs 
in this relation. For suppose that 


(4) + + + me Q, 


Multiply (4) on the left by & and on the right by (€A1), and subtract the 
resulting relations. This yields 


(5) (€A2) rear — peor (EA1)r] + °° 0. 
If the bracket is 0 for all € 


contrary to the assumption that A, and Az do not differ by an inner auto- 
morphism. Hence there is a € such that the bracket is not 0 and this gives 
a shorter relation than (4). Thus (4) must have the form 


Ax(titpair + ° == (), 
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Since A, is an automorphism this implies that timuir-+-* * *==0 contrary 
to the assumption that the rj: are linearly independent over Py. 

Suppose finally that we have an arbitrary linear relation with coefficients 
that are in P, connecting a finite set of automorphisms. We may write this 
in the form SA;,Jjpji, = 0 where the J; are inner and the A; are in different 
cosets relative to the subgroup of inner automorphisms. If 1; = rji7jr, 
=O. Hence by Lemma 2, SLjyjir = = 0. By 
Lemma 1, either all the y’s are 0 or the 7; are linearly dependent over I. 


4. An element ¢ of P is invariant under an automorphism A if ¢A = ¢. 
By (2) ¢ has this property if and only if the left (right) multiplication $:(¢,) 
commutes with A. If G@ is a group of automorphisms we shall call ¢ a G- 
invariant if is invariant under every Ae G. The totality of these elements 
is a division subring ® of P. Let 2% —GP, denote the totality of endo- 
morphisms in the additive group of P that have the form =Aimir-where the 
A,eG. Clearly % is closed under addition and subtraction and by the first 
equation of (2) 2% is closed under multiplication. Hence %& is a subring of 
the ring of endomorphisms of P. Since G contains the identity, YU contains P,. 
Thus an endomorphism commutes with every element of %& if and only if it 
is a left multiplication that commutes with every Ae G. It follows that the 
division ring of G-invariants coincides with the set of %-invariants in the 
sense defined above. 

Let H be the invariant subgroup of inner automorphisms contained in 
G and let I1,—rt:r2 and I.—teiter belong to H. Then clearly 
I, = = where ts == 7,72. An element ¢ is an J, and an 
invariant if and only if it commutes with 7; and with r2. If this is so, ¢ also 
commutes with every r = t1yi + Tey2, yi in T. Hence we do not change the 
set of G-invariants if we adjoin to G the inner automorphisms by the element r 
obtained in this way. This remark leads us to restrict our attention to the 
study of groups G that are closed in the sense that if J; = t,:7,* and 
Ig == t21T2,? are in G then so is J = tit,*, where t = T1y1 + Tey2 and the ys 
are arbitrary in ©. It is readily seen that G is closed if and only if the 
subgroup H is precisely the set of inner automorphisms that are defined by 
the non-zero elements of the division subalgebra A of P that contains the 
center T. The algebra A, which is uniquely determined, will be referred to as 
the division subalgebra associated with the closed group G (or H). 

We shall say that a closed group G@ has fimie reduced order if 1) 
(A : [) is finite and 2) H has finite index in G. The product of these two 
numbers will be called the reduced order of G. Our aim in the remainder 
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of this note is the establishment of a Galois correspondence between closed 
groups of automorphisms of finite reduced order and their division rings of 
invariants. We prove first the following theorem: 


THEOREM 4. Let G be a closed group of automorphisms of finite reduced 
order in the division ring P and let I = GP, be the ring of endomorphisms 
of the form SAimir, Ai in G. Then Pr), reduced order of G. 


Let Ai,- --*,Au be representatives of the cosets of H in G@ and let 
In be inner automorphisms such that if I; = then the elements 
tj form a basis for the subalgebra A associated with G. Then any auto- 
morphism in @ has the form Axl where J is in H. If = = Sriyi. 
As we have seen this implies that J == 3/jyj, where nj = rjyjt'. Hence Axl 
is a linear combination of the automorphisms AxJ,, Con- 
sequently the hu automorphisms A;,/; are generators over P, of %. Now if 
jpjir = 0 then S1jyjir — 0 by Lemma 2. Moreover — 0 and the 
independence of the 7; over implies that all the 0. Thus the Ail; are 
independent over P,. Hence P,-), = hu. 


5.. We may now establish the Galois correspondence between groups of 
automorphisms and their division rings of invariants. The basic results are 


contained in Theorems 5 and 8. 


THEOREM 5, Let G bea closed group of automorphisms of finite reduced 
order in the division ring P and let ® be the division subring of G-invariants. 
Then (P: order of G=(P: and any automorphism 
of P that leaves the elements of ® invariant belongs to G. 


Let —GP,. Then by Theorem 4, P,)- = reduced order of G. 
On the other hand we know that ® is the division ring of %f-invariants. Hence 
by Theorem 2, (P : ©): = P,-),. Hence (P : ©); = reduced order of G. 
The equality (P : ®),— reduced order of G follows by symmetry since the 
concept of reduced order is a “two-sided” one. Suppose now that A is any 
automorphism in P with the property that ¢4 —¢@ for all ¢e@. Then 
Adi = $A and A is a linear transformation in P over ®:._ Hence by Theorem 
2,AeN%. Thus A = SAiljpjir where the A; and J; are determined as in the 
proof of Theorem 4. By Lemma 2 this relation must have the form A = A,J 
= If Lemma 1 implies that + is T-dependent on the 7j, 
y=1,:--,h. Hence Je H and A= A, eG. 

The special case of this theorem in which G = H consists of inner auto- 
morphisms is due to Artin and Whaples.* We note also that if @ is a finite 


[1], p. 104. 


| 
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group of automorphisms A; such that each A; ~1 is outer, then G is closed 
and of finite order. Hence Theorem 5 applies in this case too. The result 
thus obtained has been given in a previous paper of the author’s.° A more 
general result can be obtained by combining Theorem 5 with the following 


theorem : 


THEOREM 6. Let F be any finite group of automorphisms and let J 
be its subgroup of inner automorphisms. Then the closed group G generated 
by F has finite reduced order. If J = {ty1tir1,° + +, tmitmr*} then the 
reduced order of G is the product of the order of the set (t1,- over T 


by the index of J in F. 


Since J is closed under multiplication 747; = teyij, yig INT. If A is any 
automorphism and J is the inner automorphism 7:7;* then AA is the 
inner automorphism (7A)i(7A),?. Hence if AeF, (4A) ed. 
It follows that +;A = 7n8;, 8; in T. Now let A denote the totality of linear 
combinations =r;yi, yi in T. Since the product of any two 7’s is a multiple 
of ar, A is a subalgebra. Clearly A has a finite basis and the dimensionality 
(A: T) is the order of the set (71, --*,7m) over I. Since A has a finite 
basis, A is a division algebra. Let H denote the group of inner automorphisms 
determined by the elements of A. Evidently H is contained in the closed 
group G generated by F. If Ae and J =rit,*e H where r= Sriyi then 
A“JA is the inner automorphism determined by the element 3(7:A) (yA). 
Since 714A = in T and yAeT, is in H. It follows that 
the totality G’ of automorphisms of the form AJ, A in F and J in H isa 
group. For the product (Ai/1) (Aol2) = is in this set and 
(AI)7 = [A = A*(AI“'A™) is in the set. If AZ is igner, so is A. 
Hence A is in J. Thus Ale H. This shows that H is the group of inner 
automorphisms contained in G’. Since H is a group determined by the 
elements of an algebra, @’ is closed. Hence G’ = G the smallest closed group 
containing F. Since the elements of G have the form AJ, A in F, it is easy 
to see that the index of H in G is the same as that of J in F. It follows that 
G is of finite reduced order and that its reduced order is the product of 
(A : T) by the index of J in F. 


6. Let G be an arbitrary closed group of finite reduced order and let 
9 — GP,. We wish to establish a (1— 1) correspondence between the closed 
subgroups K of G and the subrings 2 of & that contain P,. 

We note first that if 2 is any subring of %& containing P,, then 
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K =%°G is a closed subgroup of G. Evidently K is closed under multi- 
plication. If AeK, A has an inverse. Hence A is not a zero-divisor in &. 
Since & satisfies the chain conditions this implies that A*te &. Hence K is 
a group. Now let and K. Then 
+ and if 73540, Since G is closed J3eG. Thus 
I,eK. It follows that K is a closed group of automorphisms. ? 

Next let K be any closed subgroup of G and let R= KP,. Clearly 2 
is a subring of containing P,. Let K’=2°G. Then K. On the 
other hand the elements of K’ leave invariant every K-invariant. Hence, by 
Theorem 5, K’C K. Thus K’=2°G=K. 

Finally let 2 be any ring between YM and P,. Let K=2G@ and let 
&’ = KP,. We wish to show that ¢—X. Let L=2oH. Then L is the 
subgroup of inner automorphisms in K. We may choose representatives 
A,,A2,* *,Au of the cosets of H in G@ such that are repre- 
sentatives of the cosets of L in K. Also we may choose the inner auto- 
morphisms J, = * = tartar in such a way that (71,° 72) 
is a basis for the algebra A associated with G@ while (7:,---+,7/) is one 
for the algebra B associated with K. Now suppose that the element 
V = SAjljpjire We wish to show that VeX’. Since Ajlie K if iS t, 
and j S f it suffices to assume that yj; = 0 for j =f, iS ¢ and to prove under 
this assumption that if VeX, V = 0. 

Suppose then that there exists a V0 in & such that if V = SA¢1 jpjér 
then pji = 90 for j Sf, St. We may assume also that V is an element 
satisfying these conditions that has the fewest number of non-zero 
coefficients »jir. Then by the argument used to prove Lemma 2 we see that 
V = Aid [jppir = Asdrjitjir“pjir. By the argument used to prove Lemma 1 

J 


we can see that we may assume that the elements yj =7;"yj,eT. Hence 
V = Ajdrjryj1 and since V0, #0. Thus V = Ajlt, where 
Evidently AJeK=2°G. Hence and is a linear com- 
bination of the 7; with j; =f. This contradicts the assumption on the form 
of V. We have therefore proved the following theorem: 


THEOREM 7. Let G be a closed group of automorphisms of finite 
reduced order and let —=GP,. Then any subring & of containing 
has the form KP, where K is a closed subgroup of G. Moreover, distinct K’s 
give rise in this way to distinct rings &. 

Let ® be the division ring of G-invariants. Then we know that %& is the 


complete ring of 1. t. of P over ®:. We have also seen that there is a (1 — 1) 
correspondence between the rings 2 between 2% and P, and the division rings 


. 
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between ® and P. If we combine this (1— 1) correspondence with the 
(1 — 1) correspondence between the rings £ and the closed subgroups K of G 
we obtain the following result which includes the basic theorem of the 
ordinary Galois theory: 


THEOREM 8. Let P be a division ring and let G be a closed group of 
automorphisms in P of finite reduced order. To each closed subgroup K of G 
we associate the division subring ¥=P(K) of elements that are invariant 
under every Be K and to each division subring ¥ of P containing 6 = P(G) 
we associate the closed subgroup K = G(¥) of automorphisms of G that leave 
the elements of Y invariant. Then these two correspondences are inverses of 
each other, and each is (1—1) between the closed subgroups of G and the 


division rings between P and ®. 


7. It is an unsolved problem to determine conditions on a division sub- 
ring ® of P in order that there exist a closed group G of finite reduced order 
whose ring of invariants is ®. If P is commutative we know that necessary 
and sufficient conditions are that P be finite, separable and normal over ®. 

Suppose now that (P: T) < o and that ® is a subfield of I such that 
(T: ®) < co and let G be a closed group of automorphisms of P that has ® 
as ring of invariants. Let H be the closed subgroup of G@ of automorphisms 
that leave the elements of invariant. Now it is well known that an automor- 
phism that produces the identity effect in Tis inner. Hence H coincides with 
the subgroup of inner automorphisms of G. If A is the subalgebra associated 
with H we know that (A:T) =(P:T). Hence AP. Thus G includes 
all the inner automorphisms. The automorphisms A of G induce auto- 
morphisms A in I and the correspondence A to A is a homomorphism of G 
on a group G of automorphisms in Tr. The kernel of this homomorphism is 
the set of automorphisms that leave the elements of T invariant. Hence the 
kernel is H and G = G/H. Now ® is the field of invariants of the group G 
acting in Tr. Hence I is finite, separable and normal over ®. 

Conversely suppose that P is finite over T and that T is finite, separable 
and normal over ©. Assume, moreover, that every automorphism A of the 
Galois group of T over ® can be extended to an automorphism A in P. 
Let G be the totality of automorphisms of the form AJ where / is inner. 
If AB=C and A, B,C, respectively, are the extensions of A, B, C then AB 
and C differ by an inner automorphism. Hence AB—CI. It follows easily 
that G is a group of automorphisms containing all of the inner automorphisms 
and that ® is the ring of G-invariants. 

Thus we have proved the following result which is in essence due to 
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Teichmiiller: *° If ® is a subfield of the center T of P and (P: ®) is finite 
then necessary and sufficient conditions that there exist a closed group @ of 
automorphisms whose set of invariants is ® are 1) T’ is separable and normal 
over ® and 2) every automorphism of the Galois group of T over ® can be 
extended to an automorphism in P. 

When these conditions hold we have seen that G is a group extension of 
the group H of inner automorphisms of P by the finite Galois group G of T 
over ©. It is natural to seek conditions that this extension split in the sense 
that G contains a subgroup G’ whose elements are representatives of the cosets 
of G/H = G. It is easy to sce that this is equivalent to the requirement that 
P be a direct product 3 & I where = and T are algebras over ®. Conditions 


for this have been given by Teichmiiller."'. 


THE JOHNS HOPKINS UNIVERSITY. 
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THE DOUBLE CHAIN CONDITION IN CYCLIC OPERATOR 
GROUPS.* 


By REINHOLD BAER. 


In attempting to generalize Fitting’s Lemma‘ the author found? that 
this was possible for abelian operator groups meeting the following require- 
ments : 


(a) the descending chain condition is satisfied by the adimissible sub- 
groups ; 

(b) if Z is a cyclic subgroup (i.e., if Z is generated by one element), 
then the ascending chain condition is satisfied by the admissible subgroups 
of Z. 


Naturally one wonders whether condition (b) is a consequence of (a) ; 
and added strength is given to such a conjecture, if one remembers Hopkins’ * 
Theorem to the-effect that in rings possessing an identity the ascending chain 
condition for right-ideals is a consequence of the descending chain condition. 
However, it is possible to construct examples of cyclic groups where the 
descending, though not the ascending, chain condition is satisfied by the 
admissible subgroups. 

In the light of Hopkins’ Theorem, just quoted, it is only natural to 
assume that there will exist a large class of groups where cyclicity and 
descending chain condition imply the ascending chain condition; and it is 
the object of the present note to exhibit such classes of groups. 

Let A be an abelian group where the composition is written as addition 
a-+ 6; and assume that A admits the elements in the system M as operators 
(— right multipliers). The M-subgroup S of A is said to be of length 
n=n(S), if the M-group S possesses a composition series * of length n. 

An M-subgroup J of A is termed minimal, if J 40 and if J does not 


* Received January 3, 1946. Presented to the American Mathematical Society 
December 26, 1946. 

1 See Jacobson (1), p. 9 for a statement of Fitting’s Lemma. Various applications 
of this proposition may be found in Jacobson’s book. 

2 Baer (2). 

* Apart from Hopkins’ original paper, see Baer (1) for a proof, under weakened 
hypotheses, or Jacobson (1), p. 71, Theorem 29. 

4 See e.g., Jacobson (1), p. 7. 
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possess any M-subgroups apart from 0 and J. This is equivalent to saying 
that minimal M-subgroups are the M-subgroups of length 1. The sum of all 
the minimal M-subgroups of A will be called the socle® S(A) of A. It is well 
known ° that double chain condition, ascending chain condition and descending 
chain condition for admissible subgroups are equivalent properties of the socle. 


The ascending Loewy series L(A,i) of A may now be defined‘ induc- 
tively as follows: L(A,0) —0,Z(A,i-+ 1) is the uniquely determined M- 
subgroup of A satisfying: L(A,i+1)/L(A,t) = S8(A/L(A,i)). The sub- 
groups L(A,7) form an ascending chain of M-subgroups of A so that their 
(set-theoretical) join is an M-subgroup L(A,w) of A. It is clear how to 
define the Loewy series for tranfinite ordinals as well; but we have no need 


to do so. 


Lemma 1. L(A,1) contains every M-subgroup of A whose length does 
not exceed 1. 


Proof. 0 is the only subgroup of length 0, proving our contention for 
«1=0. Thus we may assume the validity of our contention for 1 — 1 in order 
to prove it for 7 If T is some M-subgroup of A such that n(T) Si, 
then 7 possesses a maximal M-subgroup 7” so that n(7) —n(T’) +1. 
Since, therefore, n(7’) =i—1, it follows fiom our induction hypo- 
thesis that JT’ = LZ(A,i—1). Since T”’ is part of JT also, this implies 
that T7=ToL(A,i—1)ST. But T/T’ is of length 1; and thus 
T/{[T * L(A,i—1)] is of length 0 or 1. This latter group is isomorphic to 
[7 + L(A,1—1)]/L(A,i—1) so that this last group is either 0 or a 
minimal subgroup of A/L(A,i1—1). It is therefore part of the socle of 
A/L(A,i—1) proving that T + L(A,i—1) S L(A,i). Hence T L(A, t) 
whenever n(7’) =%, completing the proof. 


CorotuaRy 1. If the double chain condition is satisfied by the M-sub- 
groups of L(A,t)/L(A,i—1) for every positive 1, then the following 
properties of the M-group A imply each other: 


(i) A=L(A,o). 
(ii) The cyclic M-subgroups * of A are of finite length. 
Proof. It is readily seen that every L(A,1) is of finite length. If (i) 


5 Following Remak. Note that the socle may be equal to 0. 

* See e.g. Jacobson (1), p. 14, Theorem 12. 

7 Following Krull. 

5 An M-group is termed cyclic, if it is generated, as an M-group, by one element. 
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is satisfied, then every cyclic M-subgroup C of A is part of some L(A,1). 
But L(A,i) if of finite length and thus every M-subgroup of L(A,1) is of 
finite length. Hence C is of finite length, proving that (ii) is a consequence 
of (i). 


If, conversely, (ii) is valid, then it follows from Lemma 1 that every 
element in A belongs to some L(A,7); and thus (i) is a consequence of (ii). 


Corotuary 2. The double chain condition is satisfied by the M-sub- 
groups of A if, and only ¢f, 


(a) the double chain condition is satisfied by the M-subgroups. of 
L(A,1)/L(A,i—1) for every positive i; and 


(b) there exists an integer N such that every cyclic M-subgroup of A 
is of length not exceeding N. 


Proof. If the double chain condition is satisfied by the M-subgroups of A, 
then A has a definite finite length N which is an upper bound for the length 
of all its M-subgroups. This proves the necessity of condition (b); and the 
necessity of (a) is a consequence of the well known fact that subgroups and 
quotient groups of groups of finite length are of finite length too. 


If, conversely, conditions (a) and (b) are satisfied, then we infer from 
Lemma 1 that A = L(A, NV) by (b) ; and this group is of finite length by (a). 


Example 1. Denote by p a prime number and by A a direct sum of a 
countable infinity of cyclic groups of order p. Then A possesses a basis 
b(1),b(2),- There exists an endomorphism s(i) 
of A such that 6(j)s(t) = 0 for 7 ~ 21+ 1 and 1)s(1) = 2) ; and 
there exists an endomorphism ¢(7) of A such that b(j)¢(t) = 0 for 7 ~ 2+ 2 
and b(2i + 2)¢(i) = b(2i). The s(t) and for 0 <1 form the system M. 

It is readily seen that L(A,1) for 0 <i is generated by the elements 
b(1), b(3),- and that represent a 
basis of L(A,1)/L(A,i—1) so that this group is of length 2. Thus the 
M-group A meets the requirement (a) of Corollary 2 in the strengthened 
form: 


(a’) the groups L(A,i)/L(A,t1—1) for 0 <1 are of bounded length. 


Since every element in A belong to some L(A,1), we see that the 
following form of condition (b) of Corollary 2 is satisfied by A: 


(’) -A—L(A,o). 
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But it is clear that the ascending chain condition is not satisfied by the 
M-subgroups of A, since L(A,i—1) < L(A,t) for 0< i. The descending 
chain condition is not satisfied by the M-subgroups of A either, since b(2i — 1) 
for 0 <1 is not contained in the,M-subgroup of A which is generated by the 
elements 

Note, furthermore, that (b’) is just the condition (i) of Corollary 1 and 
that (a’) implies the general hypothesis of Corollary 1. Thus the groups 
meeting all the requirements of Corollary 1 need not satisfy any of the chain 
conditions. 

Following H. Priifer we say that the M-group A is of finite rank, if there 
exists an integer R with the following property: 


(R) If U is a finite subset of A, then there exists an M-subgroup V of 
A which is generated by not more than R elements and contains U. 


Every finitely generated M-group is of finite rank through the converse 
is not true, as may be seen from the example of the groups of type p%. 
Quotient groups of groups of finite rank are of finite rank too; but subgroups 
of groups of finite rank need not be a finite rank, as may be seen from the 
following 


Example 2. If p is a prime number, A a direct sum of a countable 
infinity of cyclic groups of order p, and if 6(0),b(1),:--,b(i),:*: is a 
basis of A, then there exists one, and only one, endomorphism a(i) for 0 <1 
which maps 6(0) upon b(7) and b(7) for 0 <j upon 0. Denote by M the 
system consisting of the endomorphisms a(‘). 

Clearly A is a cyclic M-group generated by 6(0). Denote by B the 
subgroup of A which is generated by the elements 0(1) for 0<1%. Every 
subgroup of B is M-admissible; and it is clear that B is not of finite rank. 


This Example 2 shows furthermore that we would have obtained a 
narrower class of groups, if we had substituted for condition (R) the following 
stricter condition. 


(R’) If the M-subgroup U of A is finitely generated, then it may be 
generated by F# of its elements. 


LemMMA 2, The double chain condition is satisfied by the M-subgroups 
of A if, and only “f, 


(a) A 1s of finite rank; and 


(b) the lengths of the cyclic M-subgroups of A are bounded. 


a 
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Proof. If the double chain condition is satisfied by the M-subgroups 
of A, then A is finitely generated, proving the necessity of (a); and the 
‘necessity of (b) is a consequence of Corollary 2. 


Suppose, conversely, the validity of conditions (a) and (b). Denote by 
F an integer such that every finite subset of A is contained in a M-subgroup 
of A which is generated by not more than & elements; and denote by N an 
integer such that the length of every cyclic M-subgroup of A is at most NV. 
If an M-subgroup of A is generated by not more than i elements, then it is 
clearly of a length not exceeding 1N ; and the length of every finitely generated 
M-subgroup of A consequently does not exceed RN. Hence there exists an 
M-subgroup B of greatest length (note that M-suhgroups of finite length are 
always finitely generated). If Z is a cyclic M-subgroup of A, then Z is of 
finite length and hence B+ Z is of finite length. This length cannot be 
greater than the length of B, proving (by the Jordan-Hélder Theorem) that 
ZB. Hence B =A so that A itself is of finite length, as we wished to show. 

Again it is easy to show that neither of the conditions (a) and (b) can 
be omitted. 

It is clear on reading the proofs of Lemmas 1 and 2 that the arguments 
used are purely lattice theoretical. It would be easy, though too lengthy for 


our purposes, to state these lemmas as theorems on lattices. 


Example 3. Denote by p a prime number and let A be a direct sum 
of a countable infinity of cyclic groups of order p. Denote by 06,6(1), 
b(2),: +, for 0< 1%, a basis of A. Then there exists one and 
only one endomorphism a(t) of A which maps b upon b(t) and which 
maps every }(j) upon 0; and there exists one and only one endomorphism 
a(t) of A which maps b(1-+ 1) upon b(t) and which maps 0 as well as b(j), 
for j}4i+1, upon 0. Denote by M the system consisting of the a(t) 
and a@(%). 

It is clear that A is a cyclic M-group, generated by b. Denote by S(#) 
the subgroup of A which is generated by b(1),- - -,6(¢); and by S(w) the 
subgroup of A which is generated by all the b(7). These subgroups of A are 


readily seen to be J/-admissible; and they satisfy: 
<S(i+1) <A. 


Consider now some M-subgroup S of A. If S is not part of S(w), then 
S contains an element of the form: b + b’ where Db’ is in S(w). But then 8 
contains (b + b’)a(i) =b(1) for every 7. Hence b’ and therefore 6 are in S, 
proving S=A, if S is not part of S(w). 
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If the M-subgroup S of A contains an element that belongs to S(i + 1), 
but not to S(7). then S contains an element of the form 6(1-+ 1) +2 for z 
in S(t). Consequently contains (b(i + 1) + z)a(i) = b(t), b(i)a(i—1) 
= b(i—1) etc., so that S(i) = 8. Hence z is in S also which implies that 
1) belongs to 8. Consequently S(i+1) SS. 

From the results of the last two paragraphs we deduce that 0, S(7), S() 
and A are the only M-subgroups of A. Thus we see that A is a cyclic M-group 
and that the descending, but not the ascending chain condition is satisfied 
by the M-subgroups of A. 

If the abelian.group A admits the elements in the system © as operators, 
then denote by M* the ring of endomorphisms of the ordinary abelian group A 
which is generated by the identity and by those endomorphisms of A which 
are induced in A by elements in M. A subgroup of A is M-admissible if, and 
only if, it is M*-admissible. Hence it does not involve any loss in generality, if 
we assume in the future that M itself is a ring containing an identity 1 which 
acts as an identity on A so that 21 —z for x in A. Nothing will be gained, 
however, by assuming that the elements in M are endomorphisms of A, since 
endomorphism rings of A are, in general, not endomorphism rings of the M- 
subgroups of A. [For different endomorphisms of A may induce the same 
endomorphism in a subgroup. | 

If Z is part of M, then it is possible to consider the M-group A at the 
same time as a Z-group; and it will be possible to gain information about 
the M-group A from information concerning the Z-group A, since every M- 
subgroup of A is at the same time a Z-group of A (though not conversely). 
From the remarks in the preceding paragraph it follows that we may assume, 
without loss of generality, that Z is a subring of M which contains the identity 
of the ring M; and we shall make this hypothesis throughout. 

If Z is a subring of M and ‘* ~ is an element in the M-group A, then 
we denote by Q(2,Z) the set of all the elements z in Z, satisfying rz = 0. 
Clearly Q(z,Z) is a right-ideal in Z which may be called the Z-order of zx. 


Lemma 3. If A=gM is a cyclic M-group and if Z is a subring of M 
such that 
(a) MQ(g,2) = Q(g,2)M, 


(b) the descending chain condition is satisfied by the Z-subgroups of gZ ; 
then the cyclic Z-subgroups of A are of bounded length. 


Proof. From the definition of the Z-order and from condition (a) we 


infer that 
gZ. Q(g,Z) < gMQ(g,Z) <9 Q(g,Z)M =O. 
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Hence 2Q0(9,7) = Q(g,Z) so that Q(g,Z) is a two-sided ideal in Z. 
Mapping the element gy, for y in Z, upon the coset Q(g,Z) + y we obtain 
an isomorphism of the Z-group gZ upon the Z-group Z/Q(g,Z); and this 
isomorphism induces, in particular, an isomorphism of the lattice of Z-sub- 
groups of gZ upon the lattice of right-ideals in the ring Z/Q(g,Z). It 
follows from (b) that the descending chain condition is satisfied by the right- 
ideals of the ring Z/Q(g,Z), a ring with unit. Applying Hopkins’ Theorem ° 
we see now that the double chain condition is satisfied by the right-ideals in 
Z/Q(g,Z). Using the isomorphism between gZ and 7/Q(g,Z) we conclude 
that 


the cyclic Z-group gZ is of finite length N. 


If x is an element in A= gM, then there exists an element m in M 
such that x= gm. Hence it follows from (a) that 


(9,2) =9mQ(g,Z) 9MQ(9.2) S990(9,2)M =0. 
We deduce, therefore, from the definition of the Z-order that 
Q(9,Z) S Q(a, Z) for every x in A. 


As before we see that the Z-groups zZ and Z/Q(2x,Z) are essentially the 
same; and that, therefore, the lattices of Z-subgroups of x“ is isomorphic to 
the lattice of right-ideals between Q(z,7Z) and Z. From Q(g,7) = Q(z,Z) 
and the fact that the lattice of right-ideals between Q(g,Z) and Z is of length 
N, we infer now that the lattices of right-ideals between Q(z, Z) and Z is of 
a length not exceeding N. The Z-group xZ is, therefore, of length not greater 
than N; and this completes the proof. 


THEOREM 1. The double chain condition is satisfied by the M-subgroups 
of the cyclic M-group A= gM, if there exists a subring Z of M with the 


following properties: 
(i) MQ(g,7) SQ(g.2)M, 
(ii) the descending chain condition is satisfied by the Z-subgroups of A. 


Proof. It is an immediate consequence of conditions (i) and (ii) and 
of Lemma 3 that the conditions (a) and (b) of Corollary 2 are satisfied by the 
Z-subgroups of A. It follows from Corollary 2 that the double chain con- 
dition is satisfied by the Z-subgroups of A. But the system of M-subgroups 


® Which we stated in the introduction. 
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of A is part of the system of Z-subgroups of A, proving the validity of the 
double chain condition for the M-subgroups of A. 


CoroLLaRy 3. The double chain condition is satified by the M-subgroups 
of the cyclic M-group A, if either of the following conditions is satisfied by 
A and M: 


(1) Every right-ideal in M is two-sided; and the descending chain 
condition ts satisfied by the M-subgroups of A. 


(2) If C is the center of M, then the descending chain condition is 


satisfied by the C-subgroups of A. 


This is an immediate consequence of Theorem 1. 
The ring M shall be said to be of finite rank over its subring Z, if the 
addition group M, of M is a Z-group*® of finite rank. 


LemMA 4. If A=gM is a cyclic M-group, and if M is of finite rank 
over its subring Z, then A is a Z-group of finite rank. 


Proof. There exists an integer R with the following property: 
If F is a finite subset of M, then there exist elements m(1),- - -,m(k) 
in M such that k = R and such that FS S m(i)Z. 
i=1 


Consider now a finite subset 7 of A. Then there exists a finite subset 
of M such that T= gF. Hence there exist elements m(1),,° +, m(k) such 


k k 
that KS and Clearly T—gF [gm(i)]Z, proving 
i=1 4=1 
that the Z-group A is of finite rank. 
THEOREM 2. The double chain cond:tion is satisfied by the M-subgroups 
of the cyclic M-group A= gM, if there exists a subring Z of M with the 
following properties: 
(Gi) MQ(g,2) 
(ii) the descending chain condition is satisfied by the Z-subgroups 
of 92; 
(iii) M is of finite rank over Z. 


Proof. It is a consequence of Lemmas 3 and 4 that conditions (a) and 
(b) of Lemma 2 are satisfied by the Z-subgroups of A. We infer from 


2° The elements in Z act as right multipliers only for M,. 
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Lemma 2 the validity of the double chain condition for the Z-subgroups 
of A, implying the double chain condition for M-subgroups. 


CoroLLtAry 4. The double chain condition is satisfied by the M-sub- 
groups of the cyclic M-group A = gM, if M is of finite rank over tts center C 
and if the descending chain condition is satisfied by the C-subgroups of gC. 


This is an immediate consequence of Theorem 2. 
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RADICALS AND SUBDIRECT SUMS.* + 


By BarLtey Brown and Nea H. McCoy. 


1. Introduction. The radical N of a ring R, in which the right (left) 
ideals satisfy the descending chain condition, is usually defined as the join 
of all nil right (left) ideals in R. It is well known that N is a two-sided 
ideal in R and that the ring R/N is semi-simple, that is, has zero radical. 
Furthermore, a necessary and sufficient condition. that R be semi-simple is 
that Rk be isomorphic to a full direct sum of a finite number of simple rings, 
~ each of which is a complete matrix ring over a division ring (Wedderburn- 
Artin theorems). 

Various definitions have been proposed for the radical of an arbitrary 
ring,” most of which are in terms of nil ideals. Jacobson, however, has 
abandoned nilpotence as fundamental in the notion of radical;* instead, his 
definition is in terms of a concept first introduced by Perlis. If N’ is the 
Jacobson radical of R and N’+~ R, that is, R is not a radical ring, it turns 
out that WN’ is the intersection of a set of two-sided ideals B in R such that 
R/B is of a special type called primitive. From this, it follows that N’ = 0 
if and only if #& is isomorphic to a subdirect sum of primitive rings. In the 
presence of the descending chain condition for right ideals, a primitive ring 
is necessarily simple, and a subdirect sum of a finite number of simple rings 
is actually a full direct sum of a finite number of these rings. Jacobson’s 
results thus generalize the Wedderburn-Artin structure theorems mentioned 
above. 

Our point of view, based somewhat on the form of Jacobson’s results, 
is that the radical N of an arbitrary ring should be a two-sided ideal whose 
vanishing is a necessary and sufficient condition that R be isomorphic to a 
subdirect sum of rings of some particular type. Furthermore, if the descending 
chain condition holds for right ideals in FR the radical should coincide with 
the classical one. We shall presently define a radical which generally differs 
from Jacobson’s but which, in common with his, meets both these conditions. 


* Received May 18, 1946. 

1 Presented to the Society, April 27, 1946. 
*Kéthe [1], Levitzki [1] and [2], Baer [1]. 
3 Jacobson [1]. 

‘Perlis [1]. 
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First, however, we state his definition in terms which will conveniently lead 
to ours. : 

Let a be an arbitrary element of 2, and consider the right ideal {az — zx}, 
where z runs over 8. Now 0 is in the radical N’ of R, as defined by Jacobson, 
if and only if ae {ax —-} for every element a in the right ideal generated 
by b. We shall henceforth refer to N’ as the Jacobson radical of R. 

Now let G(a} be the two-sided ideal in R generated by the right ideal 
{ax — x}, that is, 


G(a) = {ax — x + — 


where 2, yi, 2; vary over R, the sums naturally being finite. We shall say 
that b is an element of the radical N of R if and only if ae G(a) for every 
element a of the two-sided ideal generated by 6. Unless otherwise stated, 
this is henceforth the meaning we attach to the word “ radical.” We show 
that NV is a two-sided ideal in R, that R/N has zero radical, and that the 
radical of a complete matrix ring Rn is Nn. The vanishing of N is a necessary 
and sufficient condition that R be isomorphic to a subdirect sum of simple 
rings with unit element. 

If be N’, and a is an arbitrary element of the two-sided ideal generated 
by b, then, since N’ is itself a two-sided ideal, it follows that ae {ax — x}, so 
that ae G(a) and be N. Thus N’ CN and, since a primitive ring need not 
be a simple ring with unit element, in general, N’ is properly contained in NV. 
However, the definitions coincide if R is commutative, and hence for commu- 
tative rings, V’ = N. We shall show that also V’ = N if the descending chain 
condition holds for right ideals in R. Thus our results furnish another 
generalization of one of the Wedderburn-Artin structure theorems and also, 
in common with Jacobson’s, yield as special cases a number of known results 
on subdirect sums.° 

Actually, we use a somewhat more general approach which may be of 
some interest in itself. In the proofs of some of the theorems about the radical, 
the only property of the G(a) defined above which is actually*used is that if 
a—> 4G is a homomorphism of F onto R, then G(a@) = G(a). Accordingly, we 
consider an arbitrary mapping a— F(a), defined for all rings, of R into the 
set. of two-sided ideals in R such that F(a) = F(a) for every homomorphism 
a— dof R onto a ring R. If, then, in the definition of radical, we use F (a) 
in place of G(a), we get what we shall call the F-radical of RF; thus the radical 


* Jacobson uses {av+ a}, but we find it convenient to use this equivalent 
formulation. 
* Stone [1], McCoy [1], McCoy and Montgomery [1]. 
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is the G-radical, It is shown that the F-radical Nr of FR is a two-sided ideal 
in & and that R/Nr has zero F-radical. The vanishing of Nr is a necessary 
and sufficient condition that R be isomorphic to a subdirect sum of subdirectly 
irreducible rings of zero F-radical.’ Although the F-radical has a number of 
“ yadical-like ” properties, it will not in general reduce to the ordinary radical 
in the presence of the descending chain condition. The concept is, therefore, 
not a true generalization of the radical, but rather a device leading to sub- 
direct sum decompositions of various types, depending on the choice of the 
mapping F’. 

In view of these results, it becomes of some interest to characterize the 
subdirectly irreducible rings of zero F-radical. In the final section, we do 
this for several different mappings a— F(a), thus obtaining some other 
interesting special cases of the general subdirect sum decomposition theorem 
stated above. 

Inasmuch as we shall be chiefly concerned with two-sided ideals the word 
ideal shall henceforth, unless otherwise stated, mean two-sided ideal. 


2. Subdirect sum of rings. An element of the (full) direct sum S 
of rings R; will be denoted by 


@== (0;,02,° °°), 


where a; € R; and i, despite the notation employed, runs over an index set of 
arbitrary cardinal number. By a subdirect sum of the rings Rj is meant a 
subring 7 of S such that, for each i, the homomorphism a— a; of S onto Ry 
maps 7’ on all of Rj, inducing a homomorphism of T onto Ry. Ifa ring F# is 
isomorphic to 7, the product of the isomorphism and this homomorphism is a 
natural homomorphism of RF onto Ry. A ring R is isomorphic to a subdirect 
sum of rings R; if and only if, for each i, R contains an ideal M; with 
R/M;i = Ri, and the ideals M; have zero intersection.® 

By a subdirectly irreducible ring‘ is meant a ring F# such that in every 
isomorphic representation of R as a subdirect sum of rings Ai, the natural 
homomorphism of F onto R; is an isomorphism for some i. Thus, R is sub- 
directly irreducible if and only if the intersection of all nonzero ideals in R 
is itself a nonzero ideal J. This ideal J is a unique minimal ideal in F if R 


has more than one element and is vacuous otherwise. 


™The concept of subdirectly irreducible ring was introduced by Birkhoff [1]. 


See 2 below. 
8 McCoy and Montgomery [1], McCoy [1]. 
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3. The F-radical of a ring. Suppose that in each ring I there is 
assigned a mapping F of R into the set of ideals in R in such a way that if 
a—> d defines a homomorphism of F onto a ring R, and F(a) is the image in 
R of the ideal F(a) in R, then F(@) =F (a). An element a of RF shall be 
F-regular if and only if ae F(a), and an ideal in RF shall be F-regular if and 


only if each of its elements is F'-regular. 


DEFINITION. The F-radical Nr of R is the set of elements b of R which 
generate F-regular ideals (b) in R. 

If Nr=R, R is an F-radical ring. 

If ae F(a), then de F(a) =F(da). It follows that F-regularity of 
elements, and therefore of ideals, is preserved under homomorphism, and tiat 
the F-radical of R goes into the I’-radical of R. 

The following theorem characterizes the F-radical : ® 


THEOREM 1. The F-radical Ny of a ring R is the intersection IM of 
the ideals M in R such that R/M is subdirectly irreducible and has zero 
F-radical. 

We show first that IMC Nr. If 6¢Nr, then for some a in (6b), 
a¢F(a). By Zorn’s Maximum Principle, there is an ideal M containing F'(a) 
but not containing a, such that every ideal in R which contains M as proper 
subset does contain a. If @ is the residue class to which a belongs modulo M, 
it follows that every nonzero ideal in R/M contains 40, so R/M is sub- 
directly irreducible. But since F(@) = F(a) —0, a@¢F(a). Thus every 
nonzero ideal in R/M contains an element which is not F-regular, so that 
R/M has zero F’-radical. Since a¢M, it follows that b¢M, and b¢ TIM. 

Conversely, Nr CMM. For if be Nr and M is any ideal of the specified 
type, then b is in the F-radical of R/M since F-regularity is preserved under 


homomorphism. Since R/M has zero F-radical, 6 =0, be M. Thus be TM. 

Corotitary 1. The F-radical of R is an ideal in R. 

CoroLtuary 2. A ring R is an F-radical ring if and only if R itself ts 
the only ideal M in R such that R/M is subdirectly irreducible of zero 
F’-radical. 

CorotLary 3. The F-radicul of R is the join of all F-regular ideals in R. 


This last statement follows from the fact that, by definition, Nr consists 
of the elements of R which generate F-regular ideals. Since Nr is an ideal 
it is clearly an F-regular ideal which contains every F-regular ideal. 


° Cf. Birkhoff [1]; Jacobson [1], p. 311. 
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THEOREM 2. The ring R/Nr has zero F-radical. 

Let 6 denote an element of the F-radical of R/Nr, and M any ideal in R 
such that R/M is subdirectly irreducible and has zero F-radical. Since 
R/M = (R/Nr)/(M/Nr), it follows from Theorem 1 that be M/Nr. Hence 
be M, be IM Nr, b=0. 


THEOREM 3. A subdirect sum of rings Ry of zero F-radical has zero 
F-radical. 


If a is in the’ F-radical of R and a—a, is the natural homomorphism 
of RF onto R;, then, for each i, a; is in the F-radical of Ri. Hence aj = 0 
and a= 0. 

Almost immediate is 


THEOREM 4. A ring has zero F-radical if and only if it is isomorphic 
to a subdirect sum of subdirectly irreducible rings of zero F-radical. 


The necessity of the condition follows from Theorem 1 and the results 
of 2; the sufficiency, from Theorem 3. 

If, for example, the mapping F is defined in each ring R by F(a) =0 
for every a in R, zero is the only F-regular element of R and every ring has 
zero F’-radical. Theorem 4 then reduces to the ring case of Birkhoff’s theorem 
on algebras with finitary operations.’ 

We now prove 


THEOREM 5. A subdirectly irreducible ring R has zero F-radical if and 
only if the minimal ideal J contains an element a0 such that F(a) = 0. 


If R has zero F-radical and j>£ 0 is an element of J, some element a of 
‘(j) =Z/ is not F-regular, that is, a¢ (a). This element a can not be zero 
and is contained in every nonzero ideal in R. Hence we must have F(a) = 0. 
Conversely, the F-radical of R does not contain J, for, by hypothesis, J con- 
tains an element a which is not F-regular. Hence the F-radical is the zero 
ideal. 

In the next two sections, we make a detailed study of the radical, that is, 
the case in which the general mapping «a— F(a) is specialized to a— G(a), 
where (a) is as defined in the introduction. In 6, further illustrations and 
applications of this general theory will be given. 


4, The radical of a ring. 
We now repeat the 


n 
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DEFINITION. The radical N of a ring FR is the set of all elements 0 
of R such that for every element a of (b), 


aeG(a) = {ax — x + — 


A ring with zero radical will be said to be semi-simple; a ring which 
coincides with its radical is a radical ring. If a ring has more than one 
element and a unit element 1, it is clear that 1¢G(1) —0, so that such a 
ring can not be a radical ring. 


THEOREM 6. A subdirectly irreducible ring is semi-simple tf and only 
if it is a simple ring with unit element. 


The theorem is trivial for one-element rings.’° If the simple ring S 
has more than one element and a unit element 1, then le J, G(1) =0, and 
Theorem 5 shows that S is semi-simple. Conversely, let S be a subdirectly 
irreducible ring of more than one element. If S is semi-simple, Theorem 5 
states that its minimal ideal J contains an element e+ 90 for which G(e) = 0. 
Hence ex = x for all x in S and S CJ, that is, S is simple and has a left 
unit e. The proof is completed by establishing the following lemma: 


LemMA. /f e is a left unit of a simple ring S, then e is the unit element 
of 8. 

It is given that ex for allzin S. The set isa 
two-sided ideal in 8S. If #H =S, then e = ye — y for some y in S, and right 
multiplication by e yields e—=ye—ye=—0. Hence r=—ex=—0O for all 2, 
and S is a one-element ring. If S has more than one element, then 7 = 0, 
and « = ex = ze for all z in 8. 

CoroLLary. <A simple ring is semi-simple if it has a unit element, 
otherwise it is a radical ring. 

The following characterization of the radical follows at once from 


Theorems 1 and 6: 


THEOREM 7. The radical of a ring R is the intersection of all ideals M 
in R such that R/M is a simple ring with unit element. 


CoroLuary 1. If R is not a radical ring, the radical of R is the inter- 
section of all maximal ideals M in R such that R/M has a unit element. 


20 Tn order to avoid any possible confusion, we explicitly point out that, according 
to our usage, a one-element ring is a simple ring with unit element. 
11 This was pointed out to us by R. E. Johnson. 
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CoroLiary 2. If R is not a one-element ring and has a unit element. 
the radical of R is the intersection of all maximal ideals in R. 


Theorems 4 and 6 yield at once the following important result : 


THEOREM 8, A ring R is semi-simple if and only if it is isomorphic to 
a subdirect sum of simple rings with unit element. 


This is, for general rings, a generalization of one of the Wedderburn-Artin 
theorems for semi-simple rings in which the right ideals satisfy the descending 
chain condition. We shall show that it actually yields that theorem if merely 


the descending chain condition for two-sided ideals is assumed. 


THEOREM 9. In the presence of the descending chain condition for two- 
sided ideals, a semi-simple ring R is isomorphic to the full direct sum of a 


finite number of simple rings with unit element. 


Since FR has zero radical, there exists a set of ideals WM in R such that 
R/M is simple with unit element, and IM —0. Since the descending chain 
condition is assumed, there is a finite subset {Mi}, (i = 1, 2,- - -,&), of these 
ideals with ILM; = 0, and which, furthermore, is minimal in the sense that 
the intersection of any k —1 ideals of the subset is not zero. If ae R and a; 
is the image in R/M; of the element «a under the natural homomorphism of 
R onto R/M;, it is clear that the correspondence 


(1) a—> (a1, * *, dx) 


defines an isomorphism of F onto a subdirect sum of the simple rings R/M;. 

However, it is easy to show as follows that this subdirect sum is actually the 

full direct sum. From the minimality of {M;} it is clear that there is an 
k 

‘element c of RF in [[ Mi, but not in M,. For this c, the correspondence (1) 


4=2 


yields c— (¢,0,: --+,0). Since c; is a nonzero element of the simple ring 
R/M,, it follows that (c:) = R/M,. Hence, under the isomorphism (1), every 
element of the form (7:,0,: - -,0), re R/M,, appears as the image of some 


element of R. A similar result holds if M, is replaced by Mj, (j = 2,°°-,k). 
Thus, finally, every element of the direct sum of the rings R/M; appears as 
the image of an element of R under the isomorphism (1). This shows that 
R is isomorphic to the direct sum of the rings R/Mi, (1=1,2,---+,k). 

It was pointed out in the introduction that the Jacobson radical N’ is 


contained in the radical N. We now prove 


THEOREM 10. If the right ideals of R satisfy the descending chain 
condition, the radical N of R coincides with the Jacobson radical N’ of R. 


ws 
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In view of the remark just made, it is enough to prove that VN C N’. 
In R/N’, the descending chain condition holds for right ideals and the 
Jacobson radical is zero. This implies * that R/N’ is isomorphic to the direct 
sum of a finite number of simple rings, each of which has a unit element 
because of the chain condition. Thus R/N’ has zero radical by Theorem 8. 
Hence if be N, then b is in the radical of R/N’, so b—=0 and be N’. Thus 
N CN’, as required. 

If & has more than one element and a unit element, Jacobson has shown 
that N’ is the intersection of all maximal right (left) ideals in R. The second 
Corollary to Theorem 7, together with the result just established, shows that if 
Ff has a unit element and the descending chain condition holds for right ideals 
in R, the intersection of all maximal right (left) ideals coincides with the 
intersection of all maximal two-sided ideals. 

We shall conclude this section with some further miscellaneous results. 
First, we remark that if a is a nilpotent element of a ring R, then ae G(a). 


n—1 


For if a” = 0, n > 1, and = — 3 a‘, it is easily verified * that a = ax — 2. 
This establishes 


THEOREM 11. Jf all elements of (b) are nilpotent, then b is in the 
radical of R. 


We now pass to the proof of 

THEOREM 12. Jf A is an ideal in R, the radical of the ring A is con- 
tained in the radical N of R. 

Let M be any ideal in R for which R/M is a simple ring with unit 
element. Then A/(A* VU) =(A,M)/M, which, as an ideal in the ring 
R/M, is itself a simple ring with unit element. Thus, by Theorem 7, the 
radical of the ring A is contained in A* M, and therefore in N = ILM. 


CoroLLtaRy. Any ideal in a semi-simple ring is semi-simple. 


5. The radical of a matrix ring. The ring of all matrices of order n 
with elements in a ring FP will be denoted, as usual, by Ry. The purpose of 


this section is to prove 


THEOREM 13. The radical of Rn ts Nn. 


If M is an ideal in R, it is clear that M— M, is a one-one mapping of 
the set of ideals in R onto a subset of the ideals in Rp, and that MC M’ it 
and only if 


) 
] 

i 
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Lemma 1. Let L be an ideal in Ry and a the element in the (1,7) 
position of a matrix A in the ideal L. If x and y are elements of R, then L 
contains a matrix with xay in the (p,q) position and zeros elsewhere. 


If ze R, let Xi; denote the matrix with 2 in the (1,7) position and zeros 
elsewhere. Then Xp;AYjq is the required matrix in L. 


LeMMA 2. S is a simple ring with unit element ij and only if Sn is a 
simple ring with unit element. 

If S is simple with unit element and L a nonzero ideal in Sn, let a~0 
be an element of some matrix in L. In S, the ideal (a) = {Srayi} = 8, 
and hence by Lemma 1, if se S, there exists in L a matrix with s appearing 
in any given position and zeros elsewhere. Adding matrices of this type, 
it is clear that L = 8» and it is obvious that S, has a unit element. Con- 
versely, the mapping M — M, establishes that S, is not simple if 8 is not, 
and it is well known that S, has no unit element if S does not. 

The theorem will follow readily when we have proved 


LemMA 3. If R/M is a simple ring with unit element, then Rn/Mn ts 
a simple ring with unit element. Conversely, if L is an ideal in Rn such that 
R,/L is a simple ring with unit element, then the set M of all elements of R 
which appear as elements in the matrices of L ts an ideal in R, L = Mn and 
R/M is a simple ring with unit element. 


The first assertion follows from Lemma 2 and the readily proved fact that 
Rn/Mn = (R/M)n. 

For the converse, let M* be the set of elements of R which appear in the 
(1,1) position in matrices of ZL. Clearly M* is an ideal in K and M* C M. 
We show that MC M* and hence that M = M*. 

Since, by hypothesis, Rn»/Z has a unit element, R,» contains a matrix 
U = (ui;) which is the unit element of R» modulo LZ. Thus 


(2) UXU=X (L) 


for every matrix XY in Ry. If, in particular, we choose X to be a matrix with 
an arbitrary element r of R in the (1,1) position and zeros elsewhere, and 
consider the elements in the (1,1) position of the two members of (2), we 


see that 
(3) (M*) 


for every element r of R. If be M, there is a matrix in ZL containing } in 
some position. Lemma 1 then shows that there exists a matrix in L con- 
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taining Ubu; in the (1,1) position. Hence w:,:bu,,¢M* and it follows 
from (3) that be M*. Thus M C M*, and M is an ideal in R. 

We show next that L—M,. It is evident that ZC My, so it suffices 
to prove that M, CL. If ce M, then UCU can be considered as a sum of 
matrices of the type described in Lemma 1, hence UCaUeL. From (2), it 
follows that Ch.e Ll. But any matrix of M» can be expressed as a sum of 
matrices of the form Cn. Thus M, C LZ and therefore L = My. 

Finally, since (R/M)n = Rn/Mn = R,/L, which is a simple ring with 
unit element, it follows from Lemma 2 that #/M is a simple ring with unit 
element. ‘This completes the proof of Lemma 3. 

It is apparent from Lemma 3 and the properties of the mapping M —> Mn 
that the ideals M in FR for which R/M is a simple ring with unit element 
correspond one-to-one with the ideals L in Ry» for which R,/L is a simple ring 
with unit element. Furthermore, it is clear that intersections of corre- 
sponding ideals also correspond. It follows from Theorem 7 that the radicals 
correspond, and thus the radical of Rn is Nn. 


Corotiary. Jf is a radical ring, Ry is a radical ring. 


6. Some other special cases of the general theory. In this section, we 
return to give some further illustrations and miscellaneous results of the 
general theory of 3. We recall that the mapping a— F(a) of R into the set 
of ideals in RF is assumed to have the property that if a—>d is a homomor- 
phism of R onto R, then F(a) = F(a). 

In addition to the important special case, a— G(a), discussed in detail 
in the preceding two sections, we may list the following expressions for F(a), 
all of which are ideals and meet the above stated condition. The list is by 
no means exhaustive but suggests some of the possibilities. In the following, 
a@ is an arbitrary integer: 


= {ax — ax + ya — ay + Sriasy — adrisy}, 
Fa'(a) = {ax — ax + Sriasy — adris;}, 

(a) = {2a — az + Srias; — adris;}, 

Ha(a) = {3riasi — 

G*(a) = G(—a’) = + Sria’si + Srisi}. 


In these expressions; 2, y, Ti, Si vary over the elements of & and the sums 
are finite. 

It will be noted that the G(a), used in the definition of the radical, is 
just F,"(a). 
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Obviously, Fa(a) = 0 if and only if az = va = az for all a in R, that is, 
a is an @-fier of R.1* Thus, as a consequence of Theorem 5, we obtain 


THEOREM 14. A subdirectly irreducible ring R has zero Fa-radical tf 
and only if the minimal ideal J contains a nonzero a-fier of R. 


This theorem together with Theorems 1, 6 and 7 show that the /’;-radical 
of a ring coincides with the radical. In fact, the F;’-radical is also just the 
radical. 

Consider next the mapping defined by a—>G*(a). Here G*(a) =0 
if and only if —a? is a left unit of R. Theorems 4 and 5, together with the 
argument used in the proof of Theorem 6, establish at once the following 
result : 

THEOREM 15. A ring has zero (*-radical if and only if it is isomorphic 
to a subdirect sum of simple rings, each with a unit element 1 and an element 


whose square is —1. 


The principle used in constructing G*(a) can obviously be generalized 
by using, in place of —a*, any polynomial in a with integral coefficients and 
zero constant term. This process may also be applied to the other mappings 
as well as to G. 

If R has a unit element, Fg = F,' = Fa” = Ha, but in general they are 
different. We discuss, in some detail, the cases of H, for «—1 and 0 
respectively. 

It is clear that H,(a) = 0 if and only if 


(4) ray — = 0 


for all x and y in R. Thus, by Theorem 5, a subdirectly irreducible ring RP 
has zero H,-radical if and only if its minimal ideal J contains a nonzero 
element a for which (4) holds. We now consider two cases. 

We suppose first that the subdirectly irreducible ring # has no right or 
left annihilator except zero. That is, z2 —0O implies z—0, and Rz =—0 
implies z=0. From (4), we see that and R(ax—z) = 0 
for every x in R. Hence ax = xa =z, and a is the unit element of R. But 
aeJ,so R is a simple ring with unit element. 

Suppose, on the other hand, that # has a nonzero element c such that 
cR=0 or Rc =O, and, for definiteness, assume that cR=0O. It follows 


that (c) consists of all elements of the form nc + rc, where n is an integer 


12 Brown and McCoy [1]. 
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and re R. But ae (c) since JC (c), hence aR=0O. From (4), we have 
that zy = 0 for all z,y in R, that is, that R* = 0.% 
Conversely, in either case, a subdirectly irreducible ring has zero A,- 


radical. Hence from Theorem 4 we obtain 


THEOREM 16. A ring has zero H,-radical if and only if it is isomorphic 
to a subdirect sum of rings, each of which is either a simple ring with unit 


element or a subdirectly irreducible ring whose square is zero. 


Finally, we consider the case of Hg in which Here Ho(a) = 9 
if and only if 


(5) ray = 0 


for all x and y in R. As in the preceding case, we only need to characterize 
those subdirectly irreducible rings R which have a nonzero element a of the 
minimal ideal J such that (5) is satisfied. Let us assume for the moment 
that aR +0, hence that there exists an element z of R such that az 0. 


Now the ideal (az) must contain a, hence in view of (5) we have 
a= naz + azr, 


where n is an integer and re R. From this, again using (5), it follows that 
Ra=0. Hence either Ra = 0 or aR=O. Since (a) =/, it follows at once 
that either RJ = 0 or JRO. It is clear that if this condition is satisfied, 
the subdirectly irreducible ring R has zero Ho-radical. Theorem 4 now 
establishes 


THEOREM 17. A ring has zero Hy-radical if and only if tt is isomorphic 
to a subdirect sum of subdirectly irreducible rings Ry with the minimal 
ideal J; such that either RiJ; =0 or J>Ri =0. 


It is an easy consequence of Theorem 14 that in the decompositions 
induced by the vanishing of the Fo-radical, the rings R; satisfy J;:Ri = Rid i 
=0. For the Fy'-radical (Fo"-radical), they satisfy JiRi =O (RiJi 


AMHERST COLLEGE, 
SMITH COLLEGE. 


18 4 detailed characterization of subdirectly irreducible rings R with R* = 0 would 
take us too far afield. However, it is not difficult to show that the additive group of 
such a ring is primary of rank one, as defined by Priifer. Hence such a group is either 
of the type p» or of the type p~ (Priifer [1]). 
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ON CONGRUENCES AND CONJUGATE NETS.* 


By V. G. GRovE. 


1, Introduction. In this paper we study conjugate nets from a metric 
point of view. The equations of the sustaining surface, assumed to be non- 
developable, are written in terms of arbitrary parameters. The formulas 
convenient for the study of the net are written in terms of these parameters 
and certain normalized components of vectors along the tangents to the 
curves of the net. An invariant of a curve of the net, which we have called 
the asymptotic curvature of the curve, has been found which is related to 
isothermally conjugate nets in a manner similar to the relation between the 
geodesic curvature of the curves of an orthogonal net to isothermic nets. 
Conditions that a congruence of lines protruding from the surface be conju- 
gate to the sustaining surface, and to the net are found. Some attention is 
paid to pencils of conjugate nets. 

Let the parametric equations of the surface S be x‘ = x‘ (u, u*) and let 
X‘(u?, u?) be the direction cosines of the normal to S at the point xz with 
coordinates 'Tiese functions satisfy the differential equations 


(1.1) tag = dept‘, Xt = ma? = — dapg’? 


the comma denoting covariant differentiation with respect to the metric tensor 
gap. Let du'/du* = U'/U?, du'/du* = V'/V? be the differential equations 
of the conjugate net ¥. Then dpsU°V’ —0. We shall call the curve of NV 
whose tangent vector is U*(V%) the U-curve (V-curve) with similar names 
for the tangents to these curves. 

Since only the ratios U': U*, V*: V* are material, these components 
may be normalized so that 


(1. 2) = dpa =e 


wherein ¢,, é2 are + 1 according as the radii of normal curvature Riu), Riv 
in the directions of the U- and V-tangents are positive or negative. From 
(1.2) and the definitions of these curvatures we have 


= Rw») = 


* Received July 9, 1946. 
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Since S is non-developable we may define the functions d* by the 
expression d?dpg = Let 
Ua = dapV?, Va = dapV?. 
The following relations exist between U%, V*: 


e,U*U8 + = d®, + e2VaVp = dag, 


(1. 3) 
— V2UB == = U% = 
wherein 
— — 0), e!? == — == (ed)-4, € = C162 
€11 = €22 = 0, = — = (ed)!. 


2. S referred to N, and the asymptotic net. Let us now write the 
differential equations (1.1) of S in terms of the conjugate parameters of N. 
To this end put 


(2.1) 2, fUr*,, xt, = F = log f, G = log g. 
wherein f and g are to be chosen so that (a',)2= (z'.),. We find from 
(2.1) that 

= €,U f + €2Vqr's/Q. 
and, since = 


2. 2) = e,U pW,  U?Gip = — pW?, 


wherein 
We = U°V%,p — V°U%,p. 


The functions 2‘, X‘ satisfy the equations 


(2. 3) = + DapX', X*, = M?,2'p, 
wherein 
(2. 4) Dy; == = 0, Doo = C29", 
M?, = — M*, = — @xhpaVV", 


hag being the metric tensor-of the spherical representaticn of S. 
One may show readily that, under the conditions (2.2), the expressions 


du = Updu’/f, dv = Vpdu’/g 


the 
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are exact, and hence (2.3) are the Gauss differential equations of S in the 
parameters wu, v and in which 2‘, = dz*/du, ete. 

As an illustration of the use one may make of (2.3), we recall that the 
focal point on the U-tangent is given by the formula 

= — 1. = — / ( VoU*%,,V*). 
Similarly the focal point on the V-tangent is given by 
(2.5) piv) = — e, 
Moreover the direction numbers A‘ of the axis of N are given by the formula 
At = + + Xt 

Again N is isothermally conjugate if and only if (log Di,/Dez2)12 = 0. Using 
(2.1), (2.2) and (2.3) this condition reduces to the vanishing of the 
invariant J defined by 
(2. 6) I = + 

Define the vectors A*, B* by the formulas 
(2. 7) U%+ V—e V4, Bt = U*— V—e V4, 
One finds readily that = 0, dpoB’B’ = 0, hence these vectors are 
tangent vectors of the asymptotic curves. We shali speak of these tangents 
as the A- and b-tangents. 

Defining x‘,, x‘, by the expressions 

zt, = mA?r',p, zt, = M = log m, N =logn; 

and demanding that (x‘,). = (z‘.), we find that m and n must satisfy the 


conditions 
BPM = — V— e BpW?, = V— ApW?. 


It follows that x‘, X* are solutions of equations of the form (2.3) with 


coefficients defined by 


= $e,m?ApA’,cA’, = 4e,nB?(2e,N,p + 
(2.8) Pio = = 

M*, = — M?*, = — 

M*, = — M*, = — 


=== Doo = 0, Dy. = 2mne. 
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As an application, we observe that S is ruled if A,R, 0 and a quadric 
if R, = R. = 0 where 
(2. 9) R, = ¢ApA’,cA’, Ry = ¢,BpB?,cB*. 
Using (2.7) we may write (2.9) in the form 


R,=O@—V—ev, Rk. V—ey, 


wherein 
Hence S is a quadric if and only if = ¥ = 0, 
As a second application of this section, it is well known that the polar 
reciprocal /, if the line J, joining the points 
ro) = — e,2',/(bm), == — e,2'./(an) 


has direction numbers 
Using (2.8) the direction numbers of 7, assume the form 
At = 4[ (BpB’,cA? — 2a) A* + (ApA’oB* — 2b) B*] + 


It follows that the reciprocal of the normal to S joins the points ‘r#(), 1:2) 


defined by 


9) = 21 — 2e, Berio /(BsA%,,A). 


3. The asymptotic curvature of a curve. Denoting covariant differ- 
entiation with respect to the tensor dag by a semicolon, we find from (1. 2) 
that 


dpoUU? = 0, 
Hence the vector U%;)U" is conjugate to the U-tangent, and we may write 
(3. 1) 0% == ky) V*. 
Using the third of (1.3) we find that 
(3. 2) = epo 


We shall call the function ky) defined by (3.1) or (3.2) the asymptotic 
curvature of the U-curve. 
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Similarly the asymptotic curvature of the V-curve is given by the 
expression 
kw) €po VeVve 


An alternate form of (3.2) may be found by multiplying both members of 
(3.1) by Vq and summing on @. We find that 


(3. 3) €2V pU? 


From (1.2) we find that UpU’;«eV" =0. Hence (3.3) may be written in 
the form 

(3. 4) = 5a (VpU% — UpV") = 50 = € 

Since 


U pW? = so -+ VOU? — Uo, 


we have other expressions for k,u), namely 


(3.5) = — €2U pW? — 
Similarly 
(3. 6) Vop = e:V pW? eUG ip. 


If the parametric curves on S are conjugate and if these curves are 
chosen as the U- and V-curves, then we may write 


= (e,d,,) +, U? = 0, U.=0, 
y} 0, V? (€2do2)~4, — 0, V2 


Then k,x) and ki) may be written in the forms 
(3. 7) = — (ed) 40/0u? (e,d,,)4, — €, (ed) 4. 


These latter forms of the asymptotic curvatures of the curves of a conjugate 
net show their resemblance to the geodesic curvature of orthogonal curves. 
Comparing (3.5) and (3.6) with (2.6) we find that if the asymptotic 
curvatures of the curves of a conjugate net are constant along the corre- 
sponding curves of the net, the net is isothermally conjugate. 
The curve whose differential equation is du’/du? = C*/C? is an extremal * 
of the integral 
I = f V edpodudu® 


if the components C® satisfy the equation 


== (). 
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It follows from (3.2) that a non-asymptotic curve is an extremal of the 
integral I only if the asymptotic curvature of the curve vanishes at each of 
its points. 
Now define the vectors U*, V* by the formulas 
— U*cos 6+ V%sin 6, 


= — sin 6+ cos 


(3. 8) 


if e; = e= 1, that is, if K > 0; and by the formulas 
U¢ — U* cosh 6+ V*%sinh 


V* = U*sinh 6 + V*% cosh 8, 


(3.9) 


if e, e=1, that is, if K<0. Im either case 
dpoV°V" = and hence these vectors are normalized. One may readily 
show that the U- and V-tangents are conjugate, and that the curves defined 
by them form a pencil of conjugate nets if and only if @= const. Denoting 
the asymptotic curvatures of the U-curves and V-curves by k,x) and kev) we 


find from (3.4) and (3.6) that 


ku) cos 6 kw) sin 6, 
kw) = ky) kyr) cos 6, K>0; 


and 
= ku) cosh 6 + ky.) sinh 6, 


kw) = ky) sinh 6 +- cosh6, K <0. 
For these two cases therefore we observe that 


+ u) k?, v)9 K > 0, 
Ie? lev) =k K <9. 


In either case we observe that if the curves of a conjugate net are the extremals 
of the integral I, then all curves of the pencil determined by the net are also 
extremals of I; moreover the given net is isothermally conjugate. 

If we denote the transform of the invariant J defined by (2.6) under 
the transformations (3.8) with @— const. by J, we find that I=I. We 
therefore corroborate Wilczynski’s theorem * that if one net of a pencil of 
conjugate nets is isothermally conjugate, all nets of the pencil are tsothermally 


conjugate. 

If K > 0, the associate conjugate net of the given net N is given by 
(3.8) with 0=7/4, and if K <0 by (3.9) with 6=-7i/4. Suppose N is 
such that its associate net form the lines of curvature. Then from 
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= 0, 2/4, we find that the radii of normal curvature of the 
curves of N are given by 

Rwy =— Rw) = 4(R, 


R,, R, being the principal radii of normal curvature. The net whose associate 
net 1s the lines of curvature is then the net of mean curvature. The same 
result follows from (3.9), it being observed that the given net is then 
imaginary, the lines of curvature being real. The radii of normal curvature 
in the directions of the tangents to the curves of any net (3.8) whose basis 
net is the net of mean curvature are given by 


1 cos* ( 4 ) + R, sin? ( 3 ) 
Riv) = R, sin? (6 — + R, cos? 


From (2.4) we observe that the U-curve is a geodesic if 171, = 0, that is if 
= 0. 
Moreover its asymptotic curvature is zero if and only if 
(3. 10) = 0. 
If L%gy and A%gy are respectively the Christoffel symbols formed from the 


tensors gag, dag, one finds readily that 


A%py = L%py + T%py 
wherein 
(3. 11) Tg 4d” p. 
If the U-curve is a geodesic, equation (3.10) may be written in the form 
T°o,V = 0 
which by (3.11) may be written in the form 
(3. 12) = 0. 


Jomparing (3.12) with (2.5) we observe that if the U-curve is a geodesic, 
it has zero asymptotic curvature if and only if the ray of the net ts parallel 


to the V-tangent. 
The’ meridians on a surface of revolution are known to be geodesics. 


We shall find the condition that their asymptotic curvature vanish. If the 
equations of S are written in the form 


5 


3 
= 
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= cos u’, = u' sin uv’, == 
then 
di —$'/(1+ dex —w'g’/(1 + dg 


Hence from (3.7) the asymptotic curvature of the parallels vanishes; the 
asymptotic curvature of the meridians vanishes if and only if 


d/du* log {(u'p’)’/1 + ($°)?} =0. 


Integrating we find that 
= c cosh u*/c. 


Hence the only surfaces of revolution whose meridians have zero asymptotic 
curvatures are the catenoids; the parallels and meridians of this surface 
therefore form an isothermally conjugate net, a well known fact. 


4. Congruences conjugate to S and N. Let there be given a congru- 
ence A of lines J protruding from S at z. The components of the vector 
along / may be written in the form 


(4. 1) di = p(Pxi,p + X*), p #0, P = log p. 
From (4.1) we find 

wherein 


The curves on S corresponding to the developables of A are the integral curves 
of the differential equation 
epwodu*du? = 0. 


It follows that A is conjugate to S if and only if 
(4. 3) = 0. 


Using the fact that «8 is skew symmetric, and that dag.y — days = 9, con- 
dition (4.3) may be reduced * to 


(4. 4) 


Condition (4.4) is equivalent to the condition that the differential 
equation @pdu’=—0 is an exact differential equation. Let therefore 
w(u',u?) =const. be an arbitrary one-parameter family of curves whose 
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differential equation is w,»du’ =0. A point y on the conjugate to the curve 
C of the family through x has coordinates defined by the expression 


yt = + 


} Erect at y a perpendicular of length cp (c = const.) to the tangent plane to S, 
determining a point z. The direction numbers of the line / joining z to z 
are of the form 

= p( dw, + cX*), 


The most general congruence X conjugate to S is generated by this line 1. 


A special case gives rise to an interesting class of congruences conjugate 
to S. Suppose in (4.1) that dpcf6% —e,. The condition (4.4) that A be 
conjugate to S, is equivalent to saying that the 6-curve has zero asymptotic 
curvature. Moreover this condition is invariant under the transformation 
Ba = C0 (c=const). This class of congruences may be constructed as 
follows: Select an arbitrary one parameter family of extremals of the integral 
I; at the intersections of the tangent lines to these curves with the Dupin: 
indicatriz, erect perpendiculars of constant length to the tangent planes to S. 
The lines | determined by the points x of S and the terminal points of these 
perpendiculars generate a congruence conjugate to 8S. 

From (4.2) one finds that the conditions * that the developables of 
correspond to a parametric net are 


ps = 0, as B. 


g Multiply (4.2) by fU% and then by gV% and sum on o. In the notation of 
(2.1), the resulting equations may be written in the form 


wherein 


the remaining coefficients not being material for our purposes. The develop- 
: ables of X therefore correspond to the U- and V-curves if and only if 


(4. 5) Vp = 0, pPaV°Up = 0. 


i Conditions (4.5) are not independent; in fact the vanishing of their sum is 
» implied by (4.4). If in the first of (4.5) we let 6° == — d*(log w),, that 
equation may be written in the equivalent forms 


¢ 
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— — honw) = 0, 
U°V p[ +- doyg?w | = 
This latter form is equivalent to Springer’s result.” 
5. Normal congruences. There is a striking similarity between the 
theory of congruences conjugate to a surface S, and that of congruences 


normal to a second surface S’. In (4.1) choose p so that A‘A‘ = 1, and let 
= Then (4.1) assumes the form 


= + pX', NA = 1— p’ + 
We may write the parametric equations of any transversal surface 8’ of A 


in the form 
= + qr. 


Then A is the normal congruence of S’ if A‘ty‘,—0 for «1,2. These 
conditions are equivalent to the conditions 


Jap?” + = 0. 


Hence A is normal to S’ if and only if 
(5. 1) (gap) 6 — a = 9. 
Let ¢a = gap’; then (5.1) becomes ” 


(5. 2) — Pf,a- 


Let w(u*,u*) =c be a one-parameter family of curves whose differential 
equation is w,,.du®’ 0. A point y on the tangent to S perpendicular to the 
tangent to the curve C of this family through z has coordinates 


wherein c is a constant such that c?g?%w,pwr <1. At y erect a perpendicular 
to the tangent plane to S at x intersecting the unit sphere with center at 2 
in the points 2, 2. The line | determined by x and 2 (or Z2) generates the 
most general normal congruence. 


By analogy to the method in tie latter part of 4, consider a vector $*% 
of constant length c, that is let 
= 


We find that 


= 0. 
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The vector $°%,o¢° is therefore perpendicular to ¢*%. Then 


= = 1, gpody” = 0 


where ky is the geodesic curvature of the ¢-curve, ky being given by 
kg = Vek eho a, da = Jap’. 


Hence the condition (5.2), for a vector of constant length is equivalent to 
the vanishing of k, Our results may be stated as follows: Select a one para- 
meter family of ge-desics on S, lay off points on these tangents at a constant 
distance from the points of contact; erect perpendiculars to the tangent planes 
of S of constant length from these points. The lines | determined by x and 
the terminal points of these segments generate a congruence normal to some 
surface 8". 
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THE ELLIPTIC MODULAR FUNCTION AND A CLASS 
OF ANALYTIC FUNCTIONS FIRST 
CONSIDERED BY HURWITZ.* 


By NEHARI. 


Introduction. In spite of its wide applicability in various branches of 
the theory of functions, the elliptic modular function is often used with a 
certain hesitation. This is mainly due to the fact that its application pre- 
supposes familiarity with a comparatively intricate formalism, in particular 
when the determination of numerical constants is involved. In fact, the 
endeavor to avoid the elliptic modular function has given rise to an extensive 
mathematical literature aiming at proving certain theorems in an “ elemen- 
tary ” way, the word “elementary ” being used here as a synonym for “ with- 
out making use of the elliptic modular function.” As an impressive example, 
Picard’s theorem on integral functions might be quoted. 

The difficulties which beset the numerical treatment of the elliptic 
modular function go essentially back to the fact that, on the one hand, the 
formalism of this function can only be developed with the help of the Jacobian 
elliptic functions while, on the other hand, what is needed in the applications 
are the conformal mapping properties of the modular function, and the con- 
nection between these two different aspects of the modular function has to be 
established through the medium of the theory of Schwarz’ differential para- 
meter or by a very detailed study of the periodic properties of the Jacobian 
elliptic functions. 

The object of the first part of this paper is to show how those properties 
of the elliptic modular function which are required for the applications may 
be derived in a simple way by the exclusive use of elementary principles of 
the theory of conformal representation. It will be shown that once the 
“modular surface ” is defined, the functional equation 


(1) J(z) =4VI(#)/[1+ VI(#)]? 


satisfied by the elliptic modular function can be obtained almost by inspection. 
This functional equation—which is a special case of Landen’s transformation 
of the Jacobian elliptic functions—has no other solution except the elliptic 
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modular function, if the further conditions J(0) =0, J’(0) >0 and J(z) 
regular for | z | < 1, are stipulated, as then the Taylor coefficients of J(z) can 
be successively computed with the help of (1). It will then be shown that 
the infinite product representing the square of the modulus of the Jacobian 
elliptic functions (taken as a function of the period ratio) likewise satisfies 
equation (1) and the additional conditions. Equation (1) having only one 
such solution, this implies the identity of J(z) and the square of the Jacobian 
modulus and yields, at the same time, the convenient product expansion of the 
modular function. 

It will further be shown that, apart from (1), J(z) also satisfies some 
other functional relations which together amount to the fact that J(e™*”) is 
an automorphic function of 2, i.e., it is invariant with respect to a certain 
group of linear transformations of z. 

In the second part of this paper, a number of theorems on functions 
f(z) =a,z+ a.2°+--+-, regular for |z|<1 and not vanishing there 
except at z = 0, are proved with the help of the elliptic modular function. 


Part I. 


1. The elliptic modular function w = M(z) (the relationship between 
M(z) and the function J(z) referred to in the Introduction will appear later) 
may be defined as the analytic function effecting the conformal representation 
of a curvilinear triangle with zero angles in the z-plane on the half-plane 
Jm{w} > 0, the sides of the triangle being circular ares orthogonal to the 
circle | z | = 1; the vertices of the triangle (which necessarily are situated on 
| z |= 1) may be made to correspond to the points w 0,1, 0. By the well- 
known procedure of inverting the triangle along its sides, then again inverting _ 
the resulting figure along its sides etc. etc., the whole circle | z| <1 will 
eventually be covered by an infinity of triangles. By Schwarz’ symmetry 
principle, all these triangles are mapped by w=M(z) on _half-planes 
In{w} > 0 or Jm{w} <0 which are connected with their neighboring half- 
planes along the stretch 0<w<,1 and the rays —wm<w<0 and 
1<w< o, respectively. The full circle | z| <1 is mapped by w= M(z) 
on a Riemann surface, say R,, which covers the w-plane an infinity of times, 
with the exception of the points w= 0,1, 0 which are isolated boundary 
points of FR. 

In many applications it is more convenient to use a Riemann surface 
slightly different from R,. This surface, say R., differs from R, by the fact 
that while w= 0,1, © are all outside R,, one sheet of R2. covers the point 
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w=0. The function mapping | z| <1 on Rz will be denoted by w= J(z). 
In virtue of Riemann’s fundamental theorem, J(z) is uniquely determined 
by the further conditions J(0) —0 and J’(0) >0. 

Both M(z) and J(z) are called ‘elliptic modular functions’; indeed 
they are connected by a simple relation. It is seen without difficulty that the 
function 


maps |z| <1 on a surface which covers the circle | v| <1 an infinity of 
times and has inside | v | 1 the only boundary point v =0, which more- 
over is a boundary point for all sheets of the surface. Therefore, if we form 
the function J[u(z)], we see that the point w—0 is “removed” from R., 
thereby being transformed into Hence 


M(z) =J[B- 


2. We shall now derive the fundamental functional equation of J(z). 
To this end we consider the function w= V J (2?) which, as is easily seen, 
maps | z| <1 on a surface whose only boundary points are w=0,+ 1, ©, 
all of which are outside the surface, apart from w= 0 which is covered by 
one sheet only (for z= 0). As in the case of R2, there are no inner branch- 
points to this surface. We now consider the function 


w* = p(z) =4V I (2*)/[1 + VI(#)]*. 


The critical points w ——1,0,1, © are transformed by w* = 4w/(1 + w)* 
into w* = ,0,1,0 respectively. Hence, w* = p(z) takes the value w* = 0 
only for z=0O and leaves out the values w*—1,0. Since dw*/dw 
= 4(1— w)/(1+ w)? vanishes only for w= 1 and this value is not taken 
by w= V J (2), we obtain the result that w* =p(z) maps |z|<1 ona 
surface R; whose only boundary points are w* 0,1, © which are all outside 
R;, apart from w* 0 which is covered by one sheet of R; (for z—0); 
moreover, #; contains no inner branch-points. 

But this means that F#, is identical:with R2, as there is only one Riemann 
surface of this description. For let w—J(z) =a.z+ a.2*+--- be the 
function mapping | z | <1lon Rs and w= p(z) = biz + doz? (a, > 0, 
b: >0) the function mapping |z|<1 on Rs. Clearly both functions 
w(z) =J[p(z)] and wi(z) = p"[J(z)] are regular for |z| <1 and we 
have there | w(z)| <1 and | w,(z)| <1, as no path within R. can lead out 
of R; and vice versa, both surfaces having only the isolated boundary points 


w==0,1,0 and no branch-points. The expansions of w(z) and w,(z) 


| 
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beginning with w(z) = (b,/a,)z2-+- and w,(z) = respec- 
tively, we have | b,/a, | <1 and | a,/b, | <1, which, a, and b, being positive, 
implies a, = 0, and consequently w(z) =z and w,(z) =z. Therefore, if we 


choose the positive branch of V J (z), we are lead to the equation J (z) = p(z), 


(1) J(z) =4V J (27)/[1+ 


As can be easily verified, this functional equation permits the successive 


co 
computation of the coefficients ad, of the Taylor expansion J(z) = > anz”. 
n=1 


For the first coefficient a, we obtain a, = 4V a, i. e., 4; = 16. This coefficient 
determines the constant in a classical theorem by Hurwitz to be mentioned 
later. 


3. In order to find a convenient analytical expression for J(z) and, 
at the same time, to establish the identity of J(z) with the square cf the 
modulus of the Jacobian elliptic functions, we proceed as follows: 

Let w = f(z:p) be the analytic function, real for real values of z, which 
<1 on the circle 
stretch Ow VE(p). It can then be easily shown that the formalism 
connecting {(p) with {(p*?) is the same as that connecting J(z) with J(2?). 
In fact, by inverting the annulus p < | z| <1 along its outer boundary we 
find, by Schwarz’ symmetry principle, that w=f(z;p) maps the annulus 


p<|z|<1/p on the full w-place cut along the stretch OS wS V£(p) and 


maps the annulus p < | z w|<1 cut along the 


the ray 1/V¢(p) Remembering that the function 
w= 


maps the circle |z| <1 on the full w-plane cut along the ray 1/V£(p) 
= o, we have consequently 


4f (pz; p?)/VE(e) [1 + p?) |? =f (45 e). 
For z =p, this reduces to 


4f p?)/L1 + f(p?3 = VE(p) f(esp)- 


But f(z;p) being real for real values of z, we have necessarily 
f(esp) = VE(e) 


and we thus obtain for {(p) the functional equation 
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i.e., equation (1). 


Obviously, equation (1) is not only satisfied by the modular function J (p) 
but also by all functions J(p’), where y is any complex number. In order to 
find out to which of these functions {(p) corresponds, we need some more 
information about the analytical behavior of {(p) (which so far is only 
defined for positive values of p) in the unit circle. To this end we shall 
construct an explicit expression for f(z;p) which, for z =p», will furnish an 
expression for {(p). 

Since w = f(z; p) =f(z) maps the circle | z | 1 on the circle | w | =1 
and the circle | z| =p on part of the real axis we have, by Schwarz’ sym- 
metry principle, 


f(1/2) =1/f(z), f(p?/2) =f (2). 


Since f(z) is real for real z, we have the additional relation f(z) = f(z) | 


which, combined with the two previous ones, yields 


(2a) f(1/z) = 1/f(z) 
and 
(2b) f(p?/z) = f(z). 


(2a) and (2b) entail the further relation 
(2c) f(e*z) = f(z); 
indeed we have 
f(p*z) = f(1/p*2) = 1/f(p*z) = 1/f(1/z) = f(z). 
Accordingly, g(x) = f(e%) is an elliptic function possessing the two elemen- 


tary periods 2mi and 4 log p. 
f(z) being real for real values of z, we have f(—p) —0; moreover, 


w= 0 being the end of the cut w= V€(p), it follows that z= —p 
is a double zero of f(z). By (2b) and (2c), all further zeros of f(z) are 
also double and coincide with the points —p*™** (n=0,+1,+2,:°-°-); 


obviously, there are no other zeros of f(z) apart from these. By (2a), all 
poles of f(z) are also double and coincide with the numbers — p*"”’. 
We now consider the infinite product 


(1 + pte)? (1 + 
(3) $(z) fos) ? 
(1 + pe)? (1 + 
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which converges for all valués of,z differing from 0 and «. By its construc- 
tion, ¢(z) has the same zeros and poles as f(z). It.is further easily verified 
that $(z) satisfies the equation $(p*z) ¢(z), i.e., is an elliptic 
functicn of x possessing the same zeros, poles and elementary periods as f(e”). 
By Liouville’s theorem, ¢(z) and f(z) are therefore identical, apart from a 
multiplicative constant. In view of (2a), this constant can only take the 
values + 1. f(z) being assumed positive for positive values of z, the negative 
sign is ruled out and we have 


f(z) = $(z). 


Remembering that f(p) = Vt(p), we obtain from (3): 
VE(—) =F (e) = = 40 [A+ + 


169? I [1 + pi") /(1 + 


This product converges absolutely for all values | p | < 1 and represents there 
an analytic function of p. As shown above, this function {(p) satisfies for 
positive values of p the equation 


As a relation between analytic functions this equation must remain true for 
all values p for which the functions involved may be continued analytically, 
i.e., for all values | p | oe 

As mentioned further above, the functional equation for {(p) is also 
satisfied by all functions £(p’). If we denote £(Vp) by 7(p), we have for 
n(p) the expression 


= 16p II [(1 + p*")/(1 + p?™") 


which shows: that 7(p) is analytic for |p| <1 and satisfies »(0) —0, 
(0) >0. n(p) further satisfies equation (1). As there is only one such 
solution to equation (1), we must necessarily have 


n(p) =J(p), 


whence 


(4) = 162 TT + 
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which is the well known formula for thegsquare of the modulus of the 
Jacobian elliptic functions with z = e™'’, where 7 is the period ratio of these 
functions. 


4. In addition to the functional equation (1), there are three more 
functional equations satisfied by J(z), viz., 


(5) J(—2z) =J(z)/(J(z) —1), 
(6) J(e*?) + J (e*/*) = 1, R{x} > 0, 
(7) J(—e*) -J(—e*/*) = 1, 


These equations are simple consequences of the fact that the set of points 
(0,1, 0) is transformed into itself by the transformations w* = w/(w—1), 
w* —=1—w and w* —1/w respectively. 

As shown above, w=J(z) maps |z| <1 on a locally “schlicht” 
surface the only boundary points of which are w= 0,1, ©, all of them 
outside R, apart from w = 0-which is covered by one sheet of R. (for z—0). 
This surface is obviously transformed into itself by the transformation 
w* = w/(w—1) which leaves the origin fixed and interchanges the two points 
1 and «. The function mapping | z|< 1 on this surface is 


w* == J(z)/(J(z) —1) =—J'(0)z 


As seen earlier, a function f(z) mapping | z| <1 on Rz is completely deter- 
mined by the conditions f(0) 0 and f’(0) > 0. As both — J(z)/(J(z) —1) 
and — J(—z) satisfy these conditions, we must, therefore, have 


J(—2z) =J(z)/(J(z) —1), 


i.e., equation (5). This relation may also be derived directly from (1). 
From 

J (2) =4V I (2*)/[1 + Vd 
follows 


I(—2) =—4VI(#)/[1— VII’, 


VJ(z?) being an odd function of z. By combining these two formulae 
we obtain 


J (2)/J (— 2) =—[(1— Vd (2*))/(1 + Vd (#))]? 


+ —1 =I (2) —1, 
(5). 


‘ 
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In order to prove (6), we pass from R, to the surface R, described 
earlier, by the transformation 


w= M(z) = J [eo a> 0. 


The surface on which |z| <1 is mapped by w—M/(z) is locally 
“schlicht ” and has no boundary points except w = 0,1, 0, all of which are 
outside R;. We now consider the function 


w* y(2) = M (2) — — 4, 


where « (« > 0) has been so chosen as to make J(e“*) =4. With this value 
of « we have ¥(0) —0; besides, the surface on which | z| <1 is mapped by 
w* = y(z) is symmetrical with regard to w* = 0 (its boundaries being the 
points w* = + 4,0). We may, therefore, conclude that y(z) is an odd 
function of z, i.e., ¥(— z) =—y(z), or 


With = (i + z)/(1—z) (R{z} > 0) this becomes 
(8a) J (ee?) + J (ev) = 1, 
which is identical with (6) provided we have J(e") = 4 (as will be shown 
presently). 

Equation (1) is obtained by combining (5) and (8a). Indeed, by (5): 

In view of (8a), the terms on the right-hand side cancel out and we obtain 
(8b) J (— - J (— ev?) — 1, 

It now remains to show that J(e™) —4. To this end we note that, 


by (5), J(e*) =4 entails J(—e*) =—1. By virtue ‘of (1) we have 
further 


J(— = 4VI(—e*)/[1 + VI (—e*) = 4i/(1 + 1)? = 2, 


whence 


J (6-4) J (—ie-@/2) 
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Although formula (8b) does not generally mean that for any two values 2, 
and z2 for which J (2) -J(z:) 1 there exists a value x such that 2; = — 
and Zz. ==— e/*, we may show that in our case this is nevertheless true. 
In view of J(— ¢*) =—1, (8a) is fulfilled for 1. We now connect 
w—=—1 with w=} by a path ¢ in the upper half-plane and let z vary 
continuously from 1 to the point defined by —e*™+—e  g0 that 
w= J(—e) describes t=. w—1/J(—e™) =J(— will then de- 
scribe a path ¢’ in the lower half plane, likewise starting from +—1 and 
ending at a point given by — —— since — 2 
= 1/J(—e**) and J(z) =2 has no other solution except z= — ie*/* 
inside the half circle Im{z} = 0, | z| Se*/*. (This will be shown in detail 


in the proof of Theorem V, Lemma II.) The equation 
J (— eat) J (— | 
therefore entails the existence of a number 2» such that 


— &— rl = — 2% 
and 
— a/2 + mi/2 = — 
whence 
(a + mt) (a — mt) = 


a? + == 


9 


= 7". 
a being positive, we have therefore 


5. Relation (6) also contains the fact that J(e™'"), (Jm{r} > 0), is an 
automorphic function of +. For if we write—as usual in the theory of 
elliptic functions—k?(r) = J(e™'7), (6) takes the form 


(9) k?(r) + (1/r)] =1. 
Because of J(e™'7) we have further 


(10) 2) = 


By combining (9) and (10) we obtain 


\ 


an 


of 
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1— k?[— (1/r)] (7) = + 2) = 1 — [— (1/(r + 2))], 
1. 


(1/r] — (1/(+ 2)) 
On writing — 1/7 instead of +, this becomes 
ie? == k?[7/(1 + ]. 


Now it can be easily verified that by a suitable combination of the 
transformations and any transformation 
t— (ar-+B8)/(yr +8) can be obtained, where a and 6 are two odd, and 
B and y two even integers satisfying #—By—1. For such integers 
a, B, y, 8 we have, therefore, 


(ar + B)/(yr +8)] =F (7). 


Part II. 


1. We now begin a discussion of a class of analytic functions, first 
considered by Hurwitz, which we shall denote by H. A function w= f(z) 
=z + doz -+--- is said to belong to H if f(z) is regular in the unit 
circle and does not vanish there except for z= 0. 

The elliptic modular function J(z) clearly belongs to H; moreover, 
any function w = f(z) of H which, for | z,| <1, omits a finite value w = d, 
can be represented with the help of J(z) and a bounded function o(z). 


Indeed, if we consider the function 
o(z) 


we see that, starting from z=0, o(z) may be uniformly continued within 
the whole circle | z | < 1, since the critical values of J*[w] (w—0,1, ©) 
are not taken by w—f(z)/d for 0<|z| <1. Besides,| J-*{w] | <1 for 
all values of w differing from 0,1, 0. Hence, 


(13) f(z) =d-J[o(z)], 
where »(z) is regular for | z| <1 and 

(13a) | w(z) | = | a |, 
i.e., f(z) is subordinate to d-J(z). 
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From (13) and (18a), many properties of the functions f(z) belonging 
to H may be inferred. The first result to be mentioned here is the following 
classical result due to Hurwitz: 


THEOREM I. A function w=f(z)=2z+a.2°+--- belonging to H 
takes, for |z| <1, every value inside the circle 


| w | = 1/16. 
The constant 1/16 is the best possible. 


The proof of this theorem follows immediately from the representation 
(13), by which 


where d was a value not taken by f(z) for |z| <1. Remembering that 
J’(0) = 16, we have therefore 16|d|, ie. | d| = 1/16. 


Remark. It is worthy of note that in the representation f(z) =d-J[w(z)], 
w(z) is not only bounded but satisfies also w(z) £0 for z~0; on the other 
hand, in the proof of Theorem I—as also in the proofs of other theorems to 
follow—only the fact that w(z) is bounded is made use of. Consequently, 
these theorems also remain true for the more general class of functions 
g(z) =d-J[o,(z)], where o,(z) is an otherwise unrestricted bounded func- 
tion. This class of functions, say Ha, may also be characterized as follows: 
A function w = g(z) = }b,2 + bo2z? +--- belongs to Ha if g(z) is regular 
and g(z) ~d for |z| <1 and if any zero za of g(z) may be connected 
with z=0 by a curve z=2z(t) such that the curve w(t) = w[z(t)] does 
‘not surround the point w = d. 

We therefore arrive at the following generalization of Theorem I: 


THEOREM Ia. Let w=g(z) =2-+ be a function regular for 
|z| <1; then any value w—d not taken there by w=g(z) and not sur- 
rounded by a curve w(t) =g[z(t)], where the curve z(t) connects z=0 
with another zero of g(z), satisfies 


|d | = 1/16. 
2. An immediate consequence of (13) is 


| f(2) |=|d| Max | J(z)|. 
z\=p 


= 
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Although the best possible, this inequality is not very convenient to handle. 
A more convenient bound for | f(z)|—which, of course, is not “the best 
possible” any more—is given by 


THEOREM I]. Jf f(z) belongs to H and f(z) d for |z| <1, then 
| F(z)| S (| |/16) [|z|—el. 


Proof. From the product expansion (4) which, by replacing z by —z, 


takes the form 


(14) J(—2) 16s + 22") /(1 — 22") 


we may conclude that all the coefficients of the expansion of —J(—z) 
in powers of z are non-negative, this being true of each single factor 
[(1 + 2°")/(1—2*""")] making up this product. This entails the equality 


Max | J(z)| =—J(—p) 
|zl=p 
and the inequality 


In view of formula (7) which, replacing e* by p, may be written 
I (—p)I(— 1, 
we, therefore, obtain 
|f(z)|<|d| Max | J(2)| ——|d| J(—p) 
= (jd |) / [LF (— eer) |] S (| d | /16) 


It should be noted that this inequality gives the correct order of growth 

of Max |f(z)| for p—1, since lim — (J[—p]/16p) =1 entails 
f(z) CH 

lim —-J(— 16e™/loge — 1, 

p>! 

3. By Theorem I, the modulus of the first coefficient of the Taylor 
expansion of f(z) is smaller than or equal to the first coefficient of the 
expansion of —|d|J(—z). We shall now show that the same inequality 
holds between all other corresponding coefficients of f(z) and —|d|J(—2z). 


THEOREM III. Let f(z) = 3% anz" belong to H and let d be a value such 
n=1 
that f(z) #d for |z| <1,then 
6 


) 
Ss 
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| ay | As, 


where An (n=1,2,:- +) are the coefficients of the expansion 
co 
— J (— z) > Anz". 
n=1 


Proof. As already seen, all coefficients An are non-negative. Further- 
more, if we denote the first and second differences An — An-; and An — 2An-1 
+ An-2 by Dx® and Dn respectively, we have, by (14). 


and 


(1 —z)?J( 2) 2 Dn 162 ( ) 


(with =A,, D, =A,, = A,—2A,). Both products being 
composed of factors the expansion of which-in powers of z have non-negative 


coefficients, all numbers D,?) and D,‘?) are non-negative. Now, by a well 


ao 
known theorem,? the coefficients a, of a function f(z) = ¥ anz" subordinate 


n=1 


, 
@, 0, On — 20'n-1 


to another function F(z) = Sa’nz" with a’; > 0, a’e 
n=1 


+ a’n-2 20 (nZ= 83), satisfy the inequality | a, This completes the 
proof. 

Although Theorem III gives the exact bounds for the coefficients dn, 
it is sometimes more desirable to have a convenient, though inexact, bound 
for the coefficients an, since the computation of the coefficients An becomes 
rather tedious for large n. Such a bound is given by 


oo 
THEOREM IV. [f f(z) = belongs to H and f(z) ~d for|z| <1, 
n=1 


we have 
|a| S (| d |/16)e™v", 


This is an immediate consequence of Theorem II. Indeed: 


| 
| dn | 


=, |1/p”) | f(z)| (| d |/16) p) 
lz|=p 


*See J. E. Littlewood, Lectures on the Theory of Functions, Oxford University 
Press, 1944, p. 169. 
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For p = e-'"/V") this becomes 


| an | S (| d |/16)e2"v™, 
4, We shall now prove the following theorem: 


THEOREM V. If f(z) belongs to H and f(z) 
for |z| <1, then there exists a positive number p=p(|«|) such that f(z) 
is univalent inside the circle |z|—p. For |d| = e*/16, where B is the 
positive solution of 


VB+2+ VB 


we may take 


p=1+ 16 | d| —V (1 + log 16 |d |)? —1, 
and for | «| < e8/16, the positive solution of 
p° [16 | d |] (m/2) | 
The value of p given for the case | d| = e8/16 is the best possible, while in 
the case |d|e®/16 the value given tends to the best possible only for 
| d | 1/16. 


For the proof of this theorem we require the following two lemmas: 


Lemma I. Let o(z) =az+ be regular and | w(z)| S|z| 
for |z| <1, and let w(z) further satisfy #0 for 0<|z2| <1; then 
w(z) is univalent inside the circle | z | =p with 


1, 


p=1+1og1/| |—V(1+log1/| 
This value of p is the best possible. 


Proof. By hypothesis, o(z)/z~0 and | o(z)/z|S1 for |z| <1. 
Hence, the function 


g(z) = log [z/w(z) ] = log 1/a— (¢2/a)z+-- 


is regular for | z | < 1 and we have there R{g(z)} >0. By a classical result, 
this entails 
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and 
(16) | | S 2R{g(0)}. 


In view of (15), we have 


log | 2/w(z)| = log 1/| +] z])], 
(17) | w(z) | = | z|- | x | 


Since the linear substitution 2* (x — z)/(1— (|2|< 1) trans- 
forms the unit circle into itself, we have also R{g(z*)} >0. Now the first 
terms of the expansion of h(z) = g(z*) in powers of z are 


h(z) = g[(t&—z)/(1— 4z)] = —(1—| 2 * 
= log x/w(r) — {(1—| |?) [1 — ]}2+°°°. 


The real part of h(x) being positive for | z| <1, we have, by (16), 


| < 2R{h(0)}, 
whence 
| 1— S 2 log | z/o(z) |, 
i. e., 
(18) | 1— (aw’(x)/o(x)) | S 2 {| |/(1— | 2]?)} log | z/w(z) |. 


The necessary and sufficient condition for the circle | z| <p to-be mapped 
by w = (z) on a schlicht and star-shaped domain is R{zw’(z)/w(z)} = 0 for 
<p. This condition is certainly fulfilled if | 1— (zw’(z)/o(z)) | =1. 
By (18), this inequality holds for values z satisfying 

{2 | 2|/(1—| z |*)} log | 2/w(z)| = 1. 
By (15), we have 


log | z/w(z)| Slog {1/| |} [11+ 


(2 | 2 |/(1—| 2 |*)} log |z/o(z)| Slog 1/| @|-2 | 


|z| <p with p satisfying 


w(z) will therefore be univalent for 


log 1/| «| -2p/(1—p)?=1 


p=1+ log1/|2|— VG + log i/[@|)?—1. 


i. e., 


ans- 
first 
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That this result is the best possible is shown by the function 


for which | o(z)| S|z| and o(z) #0 for 0<|z| <1, as required by the 
hypotheses of the lemma. As easily verified, the derivative of w)(z) vanishes 
at 2p and (z) is therefore certainly not univalent in a circle |z| <r 
with r > p. 


LEMMA II. The radws of univalency of the elliptic modular function 
J(z) p=e'r/?), 


Proof. By (1), J(a:) =J(z2) is equivalent to 


4V J (2:2)/[1 + Vd (a?) = 4Vd (222) /[1 + VI (22? (227) 


This equation has two solutions, viz., J (2:7) = J (z2") and J(21”) (22?) =1. 
If z, and z. are both assumed to lie on the circumference of the circle of 
univalency of J(z), J(a?) =J(z.") is clearly impossible and we must 
necessarily have J(2:7) -J(z.*) =1. As shown before, | J(z)| attains its 
maximum on the circle |z| =r for z——r; we further had J(e*) = 
and J(—z) =J(z)/(J(z) —1), whence J/(—e™) ——1. For values z 
satisfying | 2° |< we therefore have | J(z*)| <1. Consequently, if 
| | < e-'*/*) and | | < e-'*/*), we certainly have J(z,7) J (22?) 1, which 
is equivalent to J(z:) #J(z). Therefore, J(z) is univalent in the circle 
|z2| <e'*/*), On the other hand, in virtue of (1): 


J(# ie(*/)) = 4V (—e*)/[1 + VI (—e*) = + 4i/(1 + i)? = 2, 


i.e., both J(ie'"/*)) and J(—ie-'"/*)) have the value 2. Hence, p = e-‘*/”? 
is the exact radius of univalency of J(z). 

In order now to prove Theorem V itself, we note that the univalency 
of f(z) =d-ZJ{o(z)], (|o(z)|S|2]|), can break down owing to two 
different reasons. These are: 1) w(z) ceases to be univalent; 2) although 
w(2,) # (22), we have J[w(z,) ] —J[w(22)]. Since, by Lemma IT, the case 
J[w(21) | = J[ (22) ], o(41) #o(z2) cannot happen for | o(2:)| < and 
| w(z2)| < e-'*/) and, by Lemma I, o(z) =2z/16d+- -- is univalent for 
|z| <p(|d|) =1+ log 16|d|— V (1+ log 16 | d|)*—1, f(z) will also 
be univalent for | z By (17), | o(z)| S| z| [16 | 
Accordingly, the formula for the radius of univalence derived just now will 
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hold good as long as | d| is larger than the positive solution | d.| of the 
equation obtained by eliminating p from the equations 


p =1-+ log 16 | d. | — V (1 + log 16 | d |)? —1 
and 
[16 | d 


i.e., | do | = e8/16, where B is the positive solution of 


( V2 + e-BVB/(2+B) — (1/2) , 


V2+8+ VB 


If |d| is smaller than | d)|, the formula for the radius of univalency of 
w(z) of course still holds, but since | o(z)| may now be larger than e~‘7/*), 
the multivalency of J(z) may come into play. This can be avoided by 


choosing | z| smaller than the positive solution p of 


p[16 | d |] (9-2) / (o+2) g-("/2) 


Since, for | d| < | do |, this value p is smaller than the radius of univalency 
of the functions (z), f(z) =d-J[w(z)] will therefore be univalent for 
|z| <p. This completes the proof. 
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ON THE LAPLACE-FOURIER TRANSCENDENTS OCCURRING IN 
MATHEMATICAL PHYSICS.* 


By AuREL WINTNER. 


1. The success of Laplace’s method of adjoints in case of a given differ- 
ential equation (which is ordinary, linear, homogeneous and will be assumed 
to be of second order) always depends on the discovery of a “ suitable ” path 
of integration. The existence or non-existence of such paths is sensitive under 
arbitrarily small modifications of the coefficient functions. The situation is 
made particulariy unstable by the implied demands of what are called the 
applications, which (for reasons of reality) prefer rectilinear paths and, at 
the same time, positive density functions (as to this terminology, cf. [6], 
pp. 226-240, 274-285). One could almost say that the relevant “ classical 
transcendents of mathematical physics ” have been added to the list of “ known 
functions ” because their differential equations present some of the few cases 
in which a contour and the method of contour deformations have, accidentally, 
succeeded in the above sense. Correspondingly, the only essential idea which, 
since the eighteenth century, has been added to the subject is Cauchy’s theory 
of contour integrations, that is, his justification of Laplace’s indiscriminate 
use of complex variables. 

Thus it is natural to desire a replacement of the substantially finite set 
of classical examples by a theoretical approach which, upon an inspection of 
the differential equation, should be able to guarantee the existence of a 
solution representable as a definite integral of the type in question. Needless 
to say, such a plan cannot succeed if it involves, as usual, boundary conditions 
and contour deformations, the issue being precisely the existence or non- 
existence of an appropriate path of integration. Inasmuch as the desideratum 
is surely not novel (it could be as old as the method itself), it is somewhat 
unexpected that, as will be shown below, it can be realized, and in quite a 
“ practicable ” or “ explicit ” fashion, in real terms which are available since 
a long time (though not of course since Cauchy’s time). 

All that will be needed is a combination of two theories, both of which 
concern the real domain. The first of them is contained in A. Kneser’s 
elementary considerations (1896) on the characteristics of differential equa- 


* Received September 12, 1946. 
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tions of second order, made easily accessible by Borel’s lectures on divergent 
series (1901). The second, available only since about a quarter of a century, 
is supplied by the existence theorem of Hausdorff-Bernstein on complete 
monotony, a result generally known. Correspondingly, what is somewhat 
unexpected is, not that the latter theorem, originally found in its own pure 
context, turns out to supply an answer to an old “ applied ” question, but the 


circumstance that this does not seem to have been observed before. 


2. The above formulation of the desideratum is such as to make it 
clear that the criterion a priori cannot dispose of the necessity of explicit 
calculations, if explicit results are wanted. In this regard, the resulting 
situation can be described as follows: In the classical approach, there are 
two unknown elements; namely, a suitable integration path,*which need not 
exist and must be guessed when it does, and a corresponding density function 
(the “lower function ” of the transformation), which, if it exists, is supplied 
by a suitable solution of the adjoint differential equation. In contrast, the 
criterion a priori will assure the existence of a suitable integration path and 
of a corresponding density function. In addition, it will supply the deter- 
mination of a suitable integration path, which will simply be the half-line 
w=u,(0<u< o), in Laplace’s case and the half-line w= iv, (0 << v < 
in Fourier’s case. Moreover, the density function will be guaranteed to be 
real and non-negative. Since the possibility of its vanishing (though not, 
of course, of its identical vanishing) is included in its being non-negative, 
this will comprise the case of integration paths which are finite segments, 
or half-lines terminating at a point z—=cs40. But what will not (and, 
by the very nature of the desideratum, should not) be furnished is an explicit 
determination of that non-negative density function. 

The calculation leading to such a determination must therefore remain 
dependent on a solution of the adjoint of the given differential equation or 
on equivalent means. Actually, the given differential equation being of second 
order, it will (at least in principle) be admissible to assume it in the nor- 
malized self-adjoint form, 


(1) + f(t)e=0. 


The last parenthetical proviso is necessary, since any relevant criterion must 
surely be so sensitive as to fail to be covariant under transformations leading 
to the normal form (1) ; the more so as the coefficient function, say g = g(t), 
which occurs in the general form, (gz’)’, of a self-adjoint differential operation 
of second order is made to be g = 1 (cf. Liouville’s transformation). But the 
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normal form (1) suffices for the presentation of all the essential points in the 
procedure. 


3. A systematic embedding of classical transcendents into the general 
theory wil! be developed elsewhere. The following remarks, illustrating the 


theory in the simplest case, that of Bessel’s equation, 
4+ y’/r (1 a?/r?)y 0, 


can therefore be somewhat high-handed.' In this case, one of the substitutions 


leading to the normal form (1) is simple indeed: 
r=t, y= tiz; 
the coefficient of (1) then becomes 
(1 bis) f(t) =1—8/t*, where B = (a+ $)(«%#— #4) 


(for another, function-theoretically superior, substitution and the corres- 
ponding f(¢), cf. [4], p. 157). The index, a, is here arbitrary. However, 
the classical “ real ” representation of Jg(1) as (7% times) a Fourier transform 
is valid only when a >— 4}. Instead of this, suppose that 8 >0. Then, by 
the last formula line, f(¢) becomes the simplest of those polynomials in 1/#? 
which have real coefficients with alternating signs (and with a positive zeroth 
coefficient ) . 

It turns out that this propery alone is sufficient for the existence of a 
solution of (1) which is a (generalized) Fourier transform of a non-negative 
density function. Moreover, nothing is changed if the polynomial is replaced 
by a transcendental entire function. In addition, even the requirement of 
an alternating coefficient sequence is unnecessarily strict. In fact, what it 
requires is that the coefficients should become positive after the substitution 
t— it. But this is sufficient in order that f(it) be completely monotone 
(in fact, the n-th derivatives of the functions 1/t*, 1/t*, 1/t%,- - -, where 
0<t< o, are positive or negative according as n is even or odd). How- 
ever, all that really matters is the complete monotony of the even function 
f(it) on the half-line t > 0: 


1 What will be disregarded is the necessity of replacing the relevant solution, 
y=Jd,(r), by the corresponding Fourier integral, which is 7-4 times J,(r); the 
additional transition to (1), which modifies the factor r-¢ to r-a-4; finally, the deter- 
mination of the “ correct branch” when r is replaced by ri in this factor (the exponent, 
—a— , is an integer only in the elementary cases of J,). 
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If f(1/z) is an even entire function in z and tf 


(2) = when 0<t< 


where n=0,1,- ++, (for instance, if 
co 
f(z) (—1)"an/z*" when z 0, 
n=0 


where dn = 0), then the differential equation (1) possesses a Fourier solution 
z( #0), of the form 


co 


(3) a(t) if 0<t< oa, 


0 


where & (~ const.) is a monotone, but not necessarily bounded, function on 
the half-line0Sr< o. 


Since this half-line is closed, the possible unboundedness of ¢ takes place, 
of course, only when r— o. The parenthetical integral sign in (3) refers 
to the Abelian value of the Fourier-Stieltjes transform. By this is meant 
that, if ¢ (> 0) is fixed, the integral 


f where dd: = e''dg(r), 


0 


is convergent when « > 0 and tends, as « > 0, to a finite limit, which is (3) 
(the existence of this imit is part of the assertion). According to the integral 
form of Abel’s lemma on power series, (3) is identical with 


co 


e''rdd(r), (t>0), 


0 


provided that the latter integral (which, since the total variation of ¢(r) 
can be «©, must be meant as an improper Stieltjes, rather than as a Lebesgue- 
Stieltjes, integral) is convergent; in which case (3) is sure to exist. Inci- 
dentally, it remains undecided whether the replacement of the last formula 
line by (3) is actually necessary (for some f satisfying the assumptions of the 
theorem ). 

The assumptions required of f are satisfied if f(t) ==1 (this is the 
limiting case, 8B =0, of the normalized Bessel equation considered above) 
Then (1) becomes the differential equation x” + «= 0, having the linearly 
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independent solutions «=cost, «=sint which, since f(t) is real, are 
equivalent to the single solution z= e‘', Inasmuch as the latter results by 
choosing ¢(r) in (3) to be the step function $ sgn (r—1), the appearance 
of a Stieltjes integral in this quite analytical context becomes understandable 
to some extent. 


4. The function ¢(r) must be absolutely continuous, in fact, piece- 
wise analytic, if it can be obtained by the classical method of the adjoint 
differential equation. But, as exemplified by the function Jo(¢), a Fourier 
transform (3) can (even though, as shown by the example of ¢# or exp (— #?), 
need not) perform an infinity of “oscillations” or “waves,” when ¢ varies 
from 0 to 0. On the other hand, there are no formal techniques leading, by 


some method of comparing coefficients, to “ wave ” 


solutions of the type (3) 
(with dp = 0), when f(t) in (1) is a given function. This is precisely the 
reason why all direct attempts trying to satisfy a (suitable, but still unspeci- 
fied) differential equation (1) by anything like (3) could not succeed. 
However, the transformation t— 71, used above, replaces each of the partial 
vibrations, e‘"', of the bundle (3) by the corresponding damping, e"', and 
the corresponding bundle cannot, of course, have “ waves.” 

Actually, the solution curve which thus results upon the transformation 
t—>it becomes so smooth in the large that a combination of the results of 
Kneser and of Hausdorff-Bernstein, referred to in the introduction, becomes 
applicable. Correspondingly, the criterion italicized above will not have to 
be considered directly, since it results as a straightforward corollary of the 
following theorem: 


If a function f(t), defined on the open half-line t > 0, has derivatives of 
arbitrarily high order satisfying 


(4n) (—1)*f™(¢) S0, 0<t< 


where n= 0,1,: - then the differential equation (1) possesses a Laplacean 
solution x( #£0), of the form 


(5) v(t) —f edd(r), 0<te 00, 


where @ ( const.) is a monotone, but not necessarily bounded, function on 
the closed half-line r= 0. 
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That this latter theorem implies the former as a corollary, follows from 
the circumstance that, if t in (5) is replaced by a complex variable, say z, 
then, since the convergence of the integral (5) on the half-line ¢ > 0 is part 
of the latter theorem, the resulting integral converges to a regular function 
in the half-plane Siz > 0. Thus the former theorem can be obtained by letting 
Riz — 0 and taking into account the definition of the parenthetical integral (3). 
In fact, every solution of a linear differential equation (1) (in which ¢ is 
now complex) is regular at every point ¢ at which the coefficient function, 


f(t), is regular. 


5. The second theorem is of a more symmetric nature, since it can simply 
be expressed as follows: If —f is completely monotone, then (1) has a com- 
pletely monotone solution x ( #0); O<t< o@. In fact, the existence 
theorem of Hausdorff-Bernstein states that (5), where dé=0, is always 


implied by (and, of course, implies) the conditions 


\ 


where n = 0,1,: ~~. The formulation in terms of (4n) and (5) is preferable 
only because, f being the given function, condition (4n) can easier be checked 
than the existence of an integral representation, whereas what is wanted of the 
unknown solution is precisely the existence of an integral representation. 

If x(t) is a completely monotone solution ( #0) of (1), another such 
solution is (z(t), where C is an arbitrary positive constant (this agrees with 
(5), where ¢ can be replaced by Cd). But only this C remains undetermined : 
Two completely monotone solutions of (1) are linearly dependent. In fact, 
(5),implies that = O(1) ast—> It does not imply that = 0(1), 
since #(r) can have a jump at r—O (as illustrated by the simplest case, 
f(t) =0, which, according to (1), (5), belongs to x(t) =0, o(r) —sgnr). 
But it is clear that this effect of a possible jump of ¢(r) at r= 0 is removed 
if df(r) is multiplied by r. Since the resulting integral is 

co 
f e'trdp(r) = —2’(t), 


0 


by (5), it follows that 2’(t) =o0(1) as Hence, if and 
are completely monotone, then since a2j(t) —O(1) and z;’(t) 
=0o(1) as the Wronskian, is 0(1). However, the 
Wronskian of two solutions of (1) is always a constant and cannot, therefore, 


be 0(1) unless it vanishes identically. This proves the last italicized remark. 


92 


ON THE LAPLACE-FOURIER TRANSCENDENTS. 93 


6. The theorem which remains to be proved is equivalent to the state- 
ment that, if f satisfies the infinity of conditions (49), (4:),° °°, then (1) 
has a solution x( +0) satisfying (60), (6:),---. The proof will succeed 
only because the statement can be “ finitized.” In fact, it can be sharpened 
to the following assertion, in which m denotes a fixed non-negative integer: 


(7m) a function f(t), where0 << t < is of class and satisfies 
the m-+1 conditions (49),°* +, (4m), then the differential equation (1) 
has a solution x( satisfying the m + 2 conditions (6ms1). 


This will be concluded, by complete induction, from the case m =0, 
which is substantially equivalent to the following theorem: 


(7*) If f(t) is a real-valued, non-positive, continuous function on the 
open half-line 0< t < o, then the differential equation (1) has a@ solution 
a(t) which is non-negative and non-increasing at every point of the haif-line 
(and does not vanish everywhere). 


Ad (%). The assumption of (7%) is the same as that of (7*), namely, 
(4,). The assertions of (7*) are (6)) and (6,), whereas (7%) claims (62) 
also. However, since (1) means that 


(85) = —fz, 


(62) is implied by (65) and (7%). 


Ad (%,). The assumptions of (7,) are (4,) (along with the existence 
of a continuous f’) and the assumptions of (7%)). The new assertion is (63). 
However, from 


(8,) — a” = fa’ + fx. 


According to (40), (4:) and (69), (61), both terms on the right of (8,) are 
non-negative. Hence, (6;) follows from (8). 


Ad (%). The assumptions of (72) are (42) (along with the existence 
of a continuous f”) and the assumptions of (7). The new assertion is (64). 
However, from (8;). 


According to (40), (4:), (42) and (60), (61), (62), all three terms on the 
right of (82) are non-negative. Hence, (6) follows from (82). 
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Since the binomial coefficients, introduced by m-fold differentiation of 


the product (8), are positive, it is clear that the play of alternating signs is 
preserved in the induction m—>m-+ 1. Consequently, all that remains to 
be assured is (7*). 


7. If the assumption, f= 0, of (7*) is replaced by f <0, then the 
assertion of (7*) can be refined as follows: 

(7 bis) If g(t) ts a positive, continuous function on the open half-line 
0<t< o, then the differential equation 


(9) a” == g(t)x 


has a solution x—«2x(t) which is positive (and so, by (9), conver) and 
decreasing for0 t< 


Remark. Neither 


(10) a(+0)~ 
nor 
(11) ~0 


is claimed in (7 bis). 


Actually, (7*) can be concluded from (7 bis), if use is made of Helly’s 
selection theorem and of the locally continuous dependence of the general 
solution on f =—4g. 

Incidentally, (7 bis) instead of (7*), along with the induction 
m—>m-+-1, is sufficient to assure the existence of a representation (5) in 
the case in which (4n) is assumed for every n. In fact, f(t) is regular at 
every ¢ in this case, and so it is clear from the convexity assumption (42) 
that f(¢) cannot vanish at all unless it vanishes identically. But then the 
differential equation becomes x” —0 and possesses, therefore, the solution 
z(t) =1, which, of course, has the properties claimed. 

Accordingly, only (7 bis) remains to be ascertained. 

Let (7) denote the sentence which becomes of the sentence (7 bis) if the 
open half-line, 0 << t < is replaced by a closed half-line, say 1 St < 
‘in the assumption and in the assertion of (7 bis). 

What corresponds to the negation of (10) (namely, the possibility 
x(1-+ 0) =) cannot occur in the case of a closed half-line. The latter 
can therefore be attacked by an initial point, 1. Thus (7 bis) is some- 
what more elaborate than (7). However, (7 bis) can be reduced to (7). 
In fact, if an arc, say t; S ¢ S tp, of a solution path, ry = x(t), is in the upper 
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half-plane (« > 0), then it is convex (“ subharmonic”) ; if it is in the lower 
half-plane (x <0), it is concave. This is clear from (9), since g >0. 
Hence, if (7) is granted, and if e = x(t) denotes a solution supplied by (7) 
on the half-line 1 =¢< ©, the extension of (7) to (7 bis) is furnished by 
that solution of (9) on the interval 0 <¢=1 which is determined by the 
initial values x(1), 2’(1). 

This reduces everything to the truth of (7). But (7) is known. In 
fact, (7”) is contained in Kneser’s geometrical considerations ([5], pp. 183- 
191), which deal with a non-linear generalization of (9), where g >0. 
Correspondingly, Kneser’s proof admits of simplifications in the linear case 
of (7’) (in this respect, cf. pp. 42-46 of Borel’s monograph [2]; actually, 
the proof can be simplified still further). 


8. For the sake of completeness, a final comment must be made; one 
concerning the impossibility of (11), which is claimed by Kneser ([5], p. 191) 
but is not claimed above. This discrepancy can be cleared up as follows: 

Let x,(¢),22(t),° - + be a sequence of continuous (or, for that matter, 
regular analytic) functions on the half-line 1 = ¢ < and let - - bea 
monotone sequence of ¢-values satisfying «© as n—> Suppose 


on the half-line 


that z,(¢t) is negative and concave (“ superharmonic ’ 
tn << t< ©; that z(t) is positive, convex and decreasing on the interval 
1=t<t,; finally, that all curves e—2,(t) meet when ¢=—1 (and, for 
the sake of simplicity, that, if n and m are distinct, tn(t) = a@m(t) holds only 
when ¢=1). Then it is clear, for instance from Helly’s theorem, that the 
sequence contains a subsequence which, uniformly on every 
bounded ¢-interval, tends to a limit function, say z(t); and that x(t) is 
positive, convex and decreasing on the whole half-line. In particular, x(t) 
tends to a finite, non-negative limit as t—> 0. 

What Kneser seems to consider to be evident ([5], p. 182) is that, since 
tn —> as N—> co and @n(tn) this non-negative limit, z( ©), cannot be 
positive. Actually, it is easy to draw a sequence of curves which satisfy all 
the above conditions but lead to a positive z(o). In fact, the convergence, 
uniform on every bounded f¢-interval of the half-line, need not be uniform on 
the whole of the half-line. 

This explains the discrepancy. It was mentioned because it is important 
in connection with (3), (5). In fact, the inclusion of discontinuous functions 
¢(7r) was seen to be an essential point in the above theorems on integral 
representations. But (11) is precisely the condition for a solution (5) in 
which ¢(7) has no jump at r= 0. 


AUREL WINTNER. 


Since the unknown of the problem is the function ¢(r), it is worth while 
to mention that a jump ¢(-+ 0) ¢(0) in (5) can be excluded by a criterion 
involving only the coefficient function of (1). In fact, such a criterion is 
contained in the following remark (which, instead of (41), assumes only that 
f(t) 

If f(t) and x(t) satisfy the assumptions of (%*), then (11) cannot be 
true unless the integral 


co 
(12) f f(t)dt is convergent. 


For, if f(t) and x(t) satisfy the assumptions of (7*), then, since x(t) 
is convex by virtue of (1), the derivative 2’(¢) must tend to 0 as to. 
Since (1) means that 


(13) v(t) + ff f(u)x(u)du 


is independent of ¢, it follows that 


co 
(14) f f(t)x(t)dt is convergent, 


whether (12) be satisfied or not. Hence, it is clear from f(t) = 0 that (11) 
is impossible if (12) is assumed (the existence of x( 0) being implied by 


(7*) alone). 


Appendix. 


Under the assumptions which had to be made for the existence of Fourier 
and Laplace solutions, (3) and (5), the coefficient function, f(t), of (1) 
must of course be non-negative and non-positive, respectively. Corres- 
pondingly, the simplest illustrations of the “elliptic” case and of the 
“hyperbolic ” case are f(t) =a? with x(t) —cosat and f(t) =—a’® with 
z(t) =e, respectively, where a is a positive constant; cf. (3), (5) and (1). 
In the case of e*, the possibility (11) does not take place. In the case of 
cos at, the (real) solutions 7(¢) are oscillatory, that is to say such as to possess 
an infinity of zeros (of first order). The limiting “ parabolic ” case, f(t) =0, 
of (1) satisfies the assumptions of both (5) and (3). But since all solutions 
of 2’ —0 are linear, each of its solutions 7(¢) #0 presents the exceptional 
possibility (11) and none of them is oscillatory. Hence, if (12) is interpreted 
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as an assumption the negation of which carries (1) “too clos:” to 2” —0 
in the hyperbolic case, f(t) = 0, of (7*), it is reasonable to expect that the 
same negation will prevent the existence of non-oscillatory solutions in the 
elliptic case, f(t) = 0. 

This heuristic dualization suggests a counterpart of the last italicized 
remark. It is easy to see that the resulting dual happens to be true: 


If f(t), where 0<t< o, ts a real-valued, non-negative, continuous 
function, then, unless (12) is satisfied, every real-valued solution x(t) #0 of 
(1) is oscillatory. 


This remark, though quite on the surface (and possibly well-known), 
is not clear from a direct “ comparison ” (Sturm) of (1) with 2” + a’r4=0. 
In fact, the negation of (12), that is, the assumption 


co 


(15) f(t)at = 2, where f(t) = 0, 


is compatible with lim f(t) (as is (12) with lim sup | f(t)| = 0), 
as ©. 

Since an interval containing two zeros of any (real-valued) solution 
z(t) #0 of (1) must contain a zero of any other such solution of (1) 
(Sturm), and since z(t) can be replaced by — z(t) in (1), it is sufficient 
to verify the following assertion: If (1) has a solution which is positive from 
a certain ¢ = ¢, onward, then f(¢) cannot satisfy (15). 

To this end, let-the integral condition be disregarded. The remaining 
assumptions (namely, f(t) 20 and x(t) > 0, where ¢ > imply, by (1), 
that 2’(¢) = 0. In other words, the curve —-2(t) is concave from below 
(from ¢ = ¢) onward). Since it stays in the upper half-plane, it follows that 
z(t) is non-negative and non-decreasing, whereas 2’(t) is non-negative and 
non-increasing. Hence, there exist a positive limit r(0) = o and a non- 
negative limit z’(«) < o. But (13) is independent of ¢ by virtue of (1). 
and so the existence of a finite limit x’() implies (14). Finally, (14) and 
the existence of a (finite or infinite) positive limit r() necessitate (12), 
since f(t) = 0. 
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ON THE TAUBERIAN NATURE OF IKEHARA’S THEOREM.* 


By AUREL WINTNER. 


In case of ordinary Dirichlet series, Ikehara’s theorem can be formulated 
as follows: If the series 


(1) f(s) = 3 


is absolutely convergent in the half-plane « > 1 and represents there a function 
which goes over into a continuous boundary function on the line o = 1, then 
the Tauberian condition 

(2) dy = O1(1) 

is sufficient to ensure that 


(3) dy = 0(2). 


This is not the usual formulation (cf. [6], pp. 127-130) but is readily seen 
to be equivalent to it. In fact, if a constant, c, is added to every dn, then 
(2) remains unaltered, (1) goes over into f(s) + c{(s) and acquires there- 
fore a “pole”, of “residue” c, at s=1, and, correspondingly, the o(z) in 
(3) becomes cx + 0(z). 

The proof of Ikehara’s theorem depends on the same technique as 
Wiener’s result on Lambert summability. The content of the latter result 
is (cf. [6], pp. 119-124) that the (Z)-summability of a series c, + ¢.+ 
and the Tauberian condition 
(2 bis) Cn/n = O,(1) 


imply (A)-summability. The analogy is the more relevant as either of the 
theorems suffices for the transition from the non-vanishing of {(1-+ it) to 
the prime number theorem. It is true that, in the Lambertian approach, 
recourse must be had to the Hardy-Littlewood lemma, according to which 
(A)-summability and (2 bis) together imply ((,1)-summability (in fact, 
convergence as well; but this is not needed in the deduction of the prime 
number theorem), but Karamata [4] has discovered that this additional step 


* Reecived September 12, 1946. 
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is simple indeed. For the general methodical situation, cf. [1], pp. 34-35, 
46-47 and [3], pp. 38-40. 

Actually, Wiener’s Tauberian result on (Z)-summability, when formu- 
lated in the above form, somewhat disguises the true situation. In fact, his 
result is just a corollary of an earlier theorem of Hardy and Littlewood 
[2], according to which (L)-summability always implies (A)-summability 
(whether a Tauberian restriction, such as (2 bis), be satisfied or not). But 
this theorem, though deeper than the prime number theorem itself, is not at 
all 'Fauberian in nature. 

It is therefore natural to ask whether the situation is similar in the 
parallel case of Ikehara’s approach to the prime number theorem; in other 
words, whether his Tauberian restriction, (2), is actually superfluous (at any 
rate, by virtue of the prime number theorem or, as the unconditional impli- 
cation, (L) (A), of Hardy and Littlewood, by virtue of a somewhat deeper 
theorem). The purpose of this note is to answer this question in the negative. 

The situation would be simple indeed if, in the above formulation of 
Ikehara’s theorem (which, as it stands above, is tautologous), it were not 
stipulated that the Dirichlet series be absolutely convergent in the half-plane 
o>1. For, if 


an = (—1)"n, 


the Dirichlet series (1) is convergent in the half-plane o >1 and attains 
continuous boundary values on the line o—1; in fact, the function (1) 
becomes the entire function (27*—1){(s—1). Nevertheless, since 


lim inf (—1)*n/rz = — }, lim sup (—1)"n/z = 4, 


n=1 n=1 
(3) is not true. 


The construction of a Dirichlet series (1) having 1 as its abscissa of 
absolute convergence will be based on the general identity on which Riemann’s 
proofs of the functional equation of £(s) depend. This identity, first justified 
by Perron [5], states that, if (1) is convergent in the half-plane o > 1, then 


(4) f(s) = F(s)/T(s), 

where 

A =1 


t 


is 
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Needless to say, the convergence of (1) for o >1 implies that the power 
series wiultiplying in (5) is convergent for < 1, i.e., for every in 
the interior of the integration domain (the integral (5) must therefore be 
interpreted as improper at both ends, = and 0). 


Suppose that 
1-0 
(6) f | | dr < 
e n=1 
0 
Then the integral (5) is absolutely, hence uniformly, convergent in the closed 
strip 1=o+2. In fact, this is clear for the contribution, 
oo 


co 
ane"*dz. 
n=1 


of the integration range 1=2< ©. On the other hand, the contribution 


of the remaining range, 0 [27=1, to (5) is majorized, uniformly in the 
closed half-plane « = 1, by 


| Sanur” | dr/r, (r= e-*), 
n=1 


8 


co 
~ 
| > | dx 


n=1 
0 


But the last integral differs from the integral (6) only in the factor 1/r, 
which does not influence the convergence assumed for (6), since 1/r is bounded 
near r = 1, and is absorbed by r” at r = 0, the summation index n = 0 being 
excluded. 

Consequently, the function (5) is uniformly continuous (and, inci- 
dentally, bounded) in the open strip 1 << « < 2. Since 1/I'(s) is not bounded 
in this strip, it does not follow that the function (4) is uniformly continuous 
there. But, since (1+ it) #0, it does follow that the function (4) repre- 
sents in the half-plane o >1 a regular function which attains continuous 
boundary values on the line o = 1. 


Accordingly, it is sufficient to show that the following three conditions 
are compatible for a sequence @,d2,° °°: 
(i) The Dirichlet series (1) is absolutely convergent when o > 1. 
(ii) Condition (6) is satisfied. 
(iii) The estimate (3) fails to hold. 
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To this end, first choose an increasing sequence of positive integers 


ky, ke,* - - in such a way that, on the one hand, 
oo 

(7) < for every « > 0 
m=1 


and, on the other hand, 


co 
(8) = O(1— asr—>1—0. 


m=1 


Such sequences exist (in fact, both conditions are satisfied by km = m!’, the 
second, (8), being satisfied even by km == m?). 


It can also be assumed that the sequence h,,k2,* - - does not contain 
consecutive integers. Then a unique sequence d;,d2,° -- is defined by the 


following assignment: dn is n, —n + 1 or 0 according as n is a km, a km + 1 
or neither a km nor a km + 1. 

It is readily seen from this definition of a, and from the first of the 
conditions, (7), imposed on the sequence k,,k2,- --, that (i) is satisfied. 
In order to ascertain (ii), it is sufficient to show that 


oo 
(9) = O(1— r) 4 as r>1—0. 


n=1 


But the definition of a, means that the power series on the left of (9) is 
identical with 


o 

m=1 m=1 


so that, since this difference can be contracted into 


co 
(1 r) = kmt*™, 
m=1 


(9) follows from (8). 
Accordingly, only (iii) remains to be verified. However, by the definition 


of an; 


n=1 kmSa-1 


Clearly, the difference on the right of (10) vanishes except at 2-values 


TS 
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corresponding to its points of discontinuity, and the jumps amount to just 


the respective values of 2 itself. Accordingly, 


@ 
lim inf } an/z =0 but lim sup 3 an/z = 1, 


n=1 ©) n=1 


and so (3) fails to be true. 
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UNION-PRESERVING TRANSFORMATIONS OF HIGHER ORDER 
SURFACE-ELEMENTS.* 


By Joun De CIcco. 


1. Curve-element transformations of the union-preserving type. In 
1943, Kasner and De Cicco began the study of transformations in the plane 
and in space from differential elements of order n into those of first order.’ 
We have termed such a correspondence union-preserving if it converts every 
union into a union. This class of union-preserving transformations includes 
the Lie theory of contact transformations as a special case.” In the previous 
work, our attention was devoted to the study of correspondences from curve- 
elements of order n into lineal-elements.* In the present article, we shall 
develop the theory of correspondences from surface-elements of order n into 
planar-elements. 

For the purpose of contrasting our new theory with the previous study,’ 
we shall state some of the results concerning union-preserving transformations 
in space from curve-elements of order n: (x,4,2,u,2,° °°,y',2™), where 
the accents denote total differentiation with respect to x, into lineal-elements: 
(X,Y,2Z,Y’,Z’). The general union-preserving transformations are deter- 


mined by a single directrix equation of the form 
(C) Q(X, Y,Z, = 0, 


involving derivatives of order (n — 2), at most. If n = 2, this has the same 
form as the directrix equation of Lie. Although the directrix equations are 
the same for this case n = 2, the induced union-preserving transformation 
of second order is different in general from the induced contact transformation 
of Lie. 


The special union-preserving transformations are obtained by extending 


* Received August 15, 1946. Presented to the American Mathematical Society, 1946. 

+ Kasner and De Cicco, “ Union-preserving transformations of differential elements,” 
Proccedings of the National Academy of Sciences, vol. 29 (1943), pp. 271-275. 

* Lie-Scheffers, Beruhrungstransformationen, Leipzig, 1896. 

* Kasner and De Cicco, “ A generalized theory of contact transformations,” Rivista 
de Matematicas de la Universidad Nacional de Tucuman, Argentina, vol. 4 (1944), pp. 
81-90. 

*Kasner and De Cicco, “ Union-preserving transformations of space,” Bulletin of 
the American Mathematical Society, vol. 50 (1944), pp. 98-107. “Comparison of 
union-preserving and contact transformations,” Proceedings of the National Academy 
of Sciences, vol. 32 (1946), pp. 152-156. 
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to lineal-elements transformations which carry curve-elements of order 
(n—1) into points. Thus the class of union-preserving transformations 
from curve-elements of order n into lineal-elements consists of the general 
type defined by a single directrix equation of the form (C) or of the special 
type described above. 

Any transformation not of the union-preserving type converts either 
precisely co°'"*") or unions into unions. 

The only available union-preserving transformations in the whole domain 
of curve-elements are firstly, the group of point transformations, and secondly, 
the set of union-preserving transformations from curve-elements or order n 
into lineal-elements, together with the extensions of these two types. This 
is an extension of Lie’s theorem which states that the group of contact trans- 
formations of lineal-elements constitutes the extensions of the correspondences 
of the group of arbitrary point transformations. 


2. Union-preserving transformations of higher order surface-elements. 
In this section, we shall state some of the results of the present article. It 
will be found that our new transformation theory is more analogous to the 
Lie theory than that described in the preceding section. 

We shall study transformations in space from differential surface-elements 
of order n: (2, Y, 2, Pio, Pors* * Pizm-jy* * * 5 Pon), Where pj,m-j = 
for j7=0, 1, 2,- and m=1, 2,: - -,n, into planar-elements 
(X, Y,Z,P,Q) where P= 0Z/0X and Y = 0Z/0Y. Thus our transformations 
convert the o"*8"**)/2 surface-elements of order n into the oo°* planar- 
elements. Our union-preserving transformations may be defined by a single 
directrix equation 
(S) 2(X, 2, y, 2, Pros Pors* * > Poni) = 0, 
involving partial derivatives of order (n —1) at most; or by a pair or triplet 
of such directrix equations. For n = 1 this result coincides with the theorem 
of Lie concerning contact transformations of surface-elements of first order. 

Thus our union-preserving transformations are defined by one arbitrary 
function of (n?-+-n-+8)/2 independent variables, or by two arbitrary 
functions of (n?-+ n-+ 6)/2 independent variables, or by three arbitrary 
functions of (n* + n-+ 4)/2 independent variables. Therefore in the nota- 
tion introduced by Kasner, the contents of the three different classes 
of union-preserving transformations are and 
00 (nt+n+4)/2]  respectively.® 


5 Kasner, “ A notation for infinite manifolds,” American Mathematical Monthly, 
vol. 49 (1942), pp. 243-244. 
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Any transformation not of the union-preserving type converts at most 
oo (n2+5n+2)/2 or ynions into unions. For n=—1, this coincides with a 
theorem of Kasner concerning transformations of surface-elements of first 


order. 
The only available union-preserving transformations in the whole domain 


of surface-elements are firstly, Lie’s group of contact transformations of 
planar-elements, and secondly, our set of union-preserving transformations 
from surface-elements of order n into planar-elements, together with the 
extensions of these two types. 

3. The conditions for union-preserving transformations. Any trans- 
formation 7 from surface-elements of order n into planar-elements is defined 


by equations of the forms 


X = X (2x, y, 25 Pj,m-j), Y = (2; Y, 25 Pj,m-j), Z=Z (2, Y, 25 Dis 


1 
(1) P = y, 23 pj,m-j)> Q = y, 23 Pj,m-j), 


where 
(2) = for and m=1,2,---,n. 


Of course, P = 0Z/0X and Q =90Z/0Y. 


Thus any transformation 7 converts the totality of 2 ‘"*t*"*®)/? surface- 
elements of order n of a certain region of the (2, y,z)-space into the 5 
planar-elements of a certain region of the (X,Y, 7Z)-space provided that the 


rank of the jacobian-matrix 


Xe Y, Le Ver 
Xy Z, Vy 

(3) P; 0: 


which consists of five columns and (n? + 3n + 6)/2 rows, is five throughout 
a certain region of the (2, y, z)-space. 

A double-series consists of «* surface-elements of order n and may be 
defined by the parametric equations: x(r,s), y=y(r,8), z=2(1,8) 5 
Pij,m-j = Pi,m-j(T, 8), Where r and s are independent parameters, such that at 
least two of the functions are functionally independent. If all the functions 
in this system of equations are functionally related, the surface-elements of 
order n reduce to «1 in number, and the resulting geometric configuration is 
called a simple series. 

A double-series forms.a wnion if and only if 


(4) dz = piodt + poidy, Ap j,m-j = Pjsi,m-jdt + pj,m-juidy, 


— 


> 
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for = 0,1,2,: - -,m, and m=1,2,---,n—1. A simple series is termed 
a strip if the system of equations defining it satisfy the above system (4) 
identically. 

A special type of union is the conical-union. This consists of 0? surface- 
elements of order n which have in common a fixed surface-element of order 
(n—1). The equations of any conical union are: ©= 2%, Y¥ = Yo, 2 = 2o, 
(Pro) os Por = (Por) 05° (pn-1,0) 05 (Po,n-1) 
Pn,o = 5 Pon = Pon(7, 8), Where r and s are independent para- 
meters. Through a given surface-element of order (n—1), there pass 
oo ("-1)7(2) eonical-unions. Thus in totality, there are 
conical-unions. 

Before continuing with our work, it is found convenient to introduce 
the two linear operators 


k 
Ay = 0/ dx + P10 (0/02) Pi+1,m-j (0/0pj,m-j); 
j=0 


m=1 


(5) 


k m 
By = 0/0y + por (0/02) + > Pi,m-j+1 (9/0Dj,m-j). 

It follows that if A is any function of (2, y,23pj,m-j) involving partial 
derivatives of order k& at most, then Ax(A) (or Be(A)) represents the total 
partial derivative of A with respect to x (or y) where z is considered to depend 
on both z and y. It is found that both Ax(A) and Bx(A) involve partial 
derivatives of order (k +1), at most. 

We seek all the unions that become unions under the transformation T 
as defined by the system of equations (1). By (1), (3), and (5), we find 
that the required unions satisfy the system of partial differential equations 


(6). An(Z) PAy(X) + PBX) +- 


of order (n-+ 1). In general, there are at most o ‘"**5"*?)/? solutions except 
when the equations are in involution in which case the solutions involve 
arbitrary functions.® 


THEOREM 1. All the union-preserving transformations T from surface- 
elements of order n into planar-elements satisfy the (n+ 3) conditions 
(7) Ana(Z) = PAna(X) + QAna(Y), 
Bn-1(Z) PBa1(X) + QBni(Y). 


*Kasner, “General transformation theory of differential elements,” American 
Journal of Mathematics, vol. 32 (1904), pp. 392-401. 
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Any other transformation T converts either at most 


unions into unions. 


In a later section, we shall prove that all union-preserving transforma- 
tions may be defined by a single directrix equation or a pair or triplet of such 


directrix equations. 


4, The degenerate union-preserving transformations. A union-pre- 
serving transformation 7’ is said to be nondegenerate if the rank of the 


jacobian-matrix 


(8) 
a 
j 


formed from the first three columns of the jacobian-matrix (3), is three in 
a certain region of the (z,y,z)-space. If the rank is two or less our union- 
preserving transformation 7 is called degenerate. Thus a union-preserving 
transformation T is called degenerate if and only if there exists at least one 
functional relationship between the components (X,Y,7Z). We shall give a 
‘very brief discussion of the degenerate cases. 

If all three functions (X, Y, 7) are identically constant, then 7 converts 
every union into a conical-union; these conical-unions all pass through a 
common point. If only two of the functions (X,Y,2Z) are identically 
constant, then either P = 0 or Y = 0 or 1/P = 0 or 1/Q = 0, in which case 
every union is converted into a strip whose points describe a fixed line parallel 
to one of the coordinate axes. Finally if only one of the functions is iden- 
tically constant, then either P = Y = 0, or P/Q = 1/Q = 0, or Q/P = 1/P 
‘== 0, in which case every union is converted into a plane parallel to one of 
the coordinate planes. 

If there exist exactly two functional relationships between (X, Y,Z), 
then every union is carried into a single fixed strip. 

Finally if there is a single functional relationship between the three 
components (X, Y,Z), then every union is carried into a single fixed surface. 

Henceforth we shall consider only nondegenerate union-preserving 


transformations. 


5. The general union-preserving transformations. We shall say that 
a non-degenerate union-preserving transformation T' is general if it does not 
convert every conical-union of order n into a strip or conical-union. It is 


| 
j Le | 
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said to be intermediate if every conical-union is carried into a strip. Finally 
we shall term 7 special if every conical-union is sent into a conical-union. 
Thus a non-degenerate transformation T of the union-preserving type is either 
general, or intermediate, or special. 

A union-preserving transformation 7’ is general, or intermediate, or 
special according as the rank of the jacobian-matrix 


is of rank two, or one, or zero in a certain region of the (2, y, z)-space. * Of 
course, by Theorem 1, the rank of this matrix cannot be three. 
In this section, we shall study general union-preserving transformations 


so that the rank of the jacobian-matrix (9) is two. 


THEOREM 2. For a general union-preserving transformation T, the 
(n+ 1) independent variables pjn-; for can be elimi- 
nated from the three functions (X, Y,Z) ; thus obtaining the single eliminant 


(10) Y,Z, 2, Y, 2, Pors* 5 Pn-1,09' Po,n-1) = 0. 


We call this the directrix equation of our general union-preserving trans- 
formation 7’. 

The above result is ‘an immediate consequence of the first (n+ 1) 
equations (7). For clearly the jacobian-matrix (9) is of rank two. Thus 
by the theory of jacobians, we find that all the partial derivatives of order n 
may be eliminated from the three functions (X,Y,7) yielding the single 


directrix equation (10). 


THEOREM 3. A general union-preserving transformation is determined 
completely by a single directrix equation. 


Thus a general union-preserving transformation 7 depends on one arbi- 
trary function of (n?-+-n-+ 8)/2 independent variables. The content of 
the set of general union-preserving transformations is 00 */{(*+n+8)/21, 

In the first place, it is obvious that under a general union-preserving 
transformation 7, any point in the (X, Y,7Z)-space corresponds to a family 
of o© surfaces in the (2,y,z)-space, defined by a partial differential 
equation of order (n—1). These surfaces are defined by the directrix equa- 
tion (10) where (X, Y,Z) are considered as constants. The partial derivatives 
of these surfaces of orders n at most, satisfy the equations 


Secondly, any conical-union of order n in the (z, y, z)-space is converted 


| 

L | 
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into a union in the (X, Y,7Z)-space. This union is defined by the directrix 


equation (10) where (2, y, Pio, Pois* * 5 Pn-1,09° *» Po,n-1) are regarded as 
constants. The partial derivatives of first order of this union satisfy the two 
equations 

(12) Ox+P9,=0, Oy+QQ,=0. 


We shal! prove that the functions (Y, Y,Z, P,Q) of our general union- 
preserving transformation 7 must satisfy the equations (11) and (12). It 
is seen that the components (X, Y, 7) of T satisfy the directrix equation (10) 
since it was obtained as a result of eliminating the partial derivatives of 
order n: pj,n-; from the first three of equations (1) defining 7. 

Next let us differentiate the directrix equation (10) with respect to 
pin-j- Upon using the first (n+ 1) conditions of (7), we find that the 


result is 
(13) + PQz) + Vp,,,,(QY + = 0. 


Since for a general union-preserving transformation 7, the rank of the 
jacobian-matrix (9) is two, it follows from (13) that we deduce the equations 
(12). 

Apply the linear operators (5) where k = n — 1 to the directrix equation 
(10) where (X, Y,Z) are given by the first three of equations (1). Because 
equations (12) are satisfied, we obtain the equations (11). 

That we can actually solve (11) and (12) for (X,Y,7,P,Q) follows 
from the fact that the directrix equation (10) represents a three-parameter 
family of partial differential equations of order (n—1) in the (z,y,z)- 


space. 


6. The intermediate union-preserving transformations. In this sec- 
tion, we shall consider the union-preserving transformations T whereby every 
conical-union of order n is converted into a strip. Thus the rank of the 
jacobian-matrix (9) is one. 

THEOREM 4. For an intermediate union-preserving transformation T, 


the (n+ 1) independent variables pj,n-; for =0,1,2,° -,n, can be elimi- 
nated from the three functions (X,Y,Z), thus obtaining the two eliminants 


(14) 
0,(X, Z, L,Y, 2, Pro, Poi,’ 5 Pn-1,09" Po,n-1) == (), 


These are the two directrix equations of any intermediate union-preserving 


transformation 7’. 


rix 
as 


wo 
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The above result follows from the fact that the rank of the jacobian- 
matrix (9) is unity. 


THEOREM 5. The five functions (X,Y,2Z, P,Q) defining an intermediate 
umion-preserving transformation T satisfy not only the two directrix equations 
(14) but also the three equations 


+ Qiy + QQiz An-1(Q;) Bn-1 (1) 


15 =< 


The transformation T is obtained by solving (14) and (15) for (X,Y,Z, 
7,0). 

Thus a pair of directrix equations (14) determines completely an inter- 
mediate union-preserving transformation T. Any such transformation T is 
determined by two arbitrary functions of (n* + n+ 6)/2 independent vari- 
ables. The content of the set of intermediate union-preserving transformations 


is 2f[ (n?+n+6) /2) 

To prove our Theorem 5, we proceed in the following manner. First 
of all, the components (X,Y,Z) satisfy the two directrix equations (14) 
since they were obtained as a result of eliminating the partial derivatives of 
order n: pj,n-; from the first three of equations (1) defining T. Moreover, 
these two directrix equations (14) are functionally independent. 

Next differentiate each of the directrix equations (14) with respect to 
pin-j- Introducing the first (n+ 1) conditions (7), we obtain the results 


(16) X + PQiz) + + = 0, 
Xp j,n-; (Qex + PQ2z) + Yp,,,.;(Qey + QQez) = 0. 

Since the rank of the jacobian-matrix (9) is unity, the ratios 
Xpjn-s/Vojn-j;> are all equal for j—0,1,2,---,n. Also not all of the 
expressions X>,,,, and Y»,,,, are identically zero. For otherwise by (7), the 
rank of the jacobian-matrix (9) would be zero. Hence from these remarks, 
we find that the equations (16) yield only a single eliminant which is equi- 
valent to the first proportion of (15). 

Apply the linear operators (5) where k = n — 1 to the directrix equations 
(14) where (X, Y,Z) are given by the first three of equations (1). Because 


of these conditions (7), we find 


(Qix + PQ,z) An+(X) + (Quy + QQ,z) Ani(Y) + An-1 (Q,) 0, 
+ PQ2z) (X) + QQ2z) An+(Y) + An-1(Qz2) 0, 


and a similar set of two equations where the operator An-, is replaced by the 


(17) 


operator By... 
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Because of the first proportion of (15) which was established in the 
earlier paragraphs, it follows that for the equations (17) and the similar set 
where the operator An, is replaced by the operator Bn-1, to be valid, we must 
have the continued proportion (15). 

It is assumed that Q, and Q2 are so constructed that five of the equations 
derived from (14) and (15) are functionally independent with respect to 
(X,Y,Z2,P,Q). Hence these can be solved actually for (X,Y,27,P,Q); 


thus obtaining our intermediate union-preserving transformation T’. 


7. The special union-preserving transformations. A union-preserving 
transformation is special if it converts every conical-union of order n into a 
conical-union of planar-elements. In this event, the components (X, Y, 7) 
will not involve the partial derivatives of order n: pj,n-j;, explicitly. Thus the 
first (n + 1) conditions of (7) are satisfied identically. The P and Q of such 
a transformation are determined by the remaining two equations of (7). 

From the above remarks, it is seen that a special union-preserving trans- 
formation is determined completely by a system of three functionally inde- 
pendent directrix equations of the forms (10). 

The special union-preserving transformations depend on three arbitrary 
functions of (n?-+ »-+ 4)/2 independent variables. The content of the set 
of special union-preserving transformations is 0 *!f(n*+n+4)/2), 

This completes our discussion of the union-preserving transformations. 
The non-degenerate union-preserving transformations are general, intermediate, 
or special. These are determined by a single, pair, or triplet of directrix 
equations, respectively. The contents of the three different classes are 
(n?+n+8)/2) (nP+n+6)/2) 00 SFL (n?+n+4)/2) respectively. 

It is noticed how the above result constitutes a direct extension of Lie’s 


theorem on contact transformations.’ 


8. The union-preserving transformations in the domain of surface- 
elements. The following result concerning union-preserving transformations 
from surface-elements of order n = 2 into surface-elements of second order, 


will be established. 


7 Kasner, “ Lineal element transformations of space for which normal congruences 
of curves are converted into normal congruences,” Duke Mathematical Journal, vol. 5 
(1939), pp. 72-83. Also the following two papers by Kasner and De Cicco: “ Curvature 
element transformations which preserve integrable fields,” Proceedings of the National 
Academy of Sciences, vol. 25 (1939), pp. 104-111; and “ Transformation theory of 
integrable double-series of lineal elements,” Bulletin of the American Mathematical 


Society, vol. 46 (1940), pp. 93-100. 
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the THEOREM 6. All the non-degenerate union-preserving transformations 
set from surface-elements of order n= 2 into surface-elements of second order, 
ust are the extensions of the union-preserving transformations of surface-elements 

of order (n—1) into planar-elements. 
ons 
to A non-degenerate transformation from surface-elements of order n = 2: 
0); (x, ¥,%3 pjm-3) for 7=0,1,2,---,m and m=1,2,---,n, into surface- 
elements of second order: (XY, Y,7,P,Q,R,8,T) is given by equations of the 
forms 
X = X (gz, y, 2; pj,m-j), Y = Y (2, y, 25; pj,m-j), Z = Z (2, y, 23 Pj,m-$)> 
Oa 
Z) (18) P = P(x, y, 25 Q = Q(z, 25 
the R= R(x, y, 23; pj,m-j), S = y, 25 pj,m-j), T == T (2, y, 23 pjn-3)> 
uch where the jacobian-matrix of these eight functions is of rank eight in a certain 
region of the (x, y, z)-space. 
ns- We seek to find all those unions of surface-elements of order n which 
de- are converted into unions of surface-elements of second order by this trans- 
formation (18). The differential conditions (4) must correspond to the 
ary conditions 
(19) dZ = PdX + QdY, dP = RdX + SdY, dQ = SdX + TdY. 
nis. Thus by (5), we find the equations 
An(Z) = PAn(X) + Bn(Z) = PBn(X) + QOB(Y), 
(20) An(P) — RA n(X) SAn(1 Bn(P) RB,(X) SB,(Y), 
An(Q) SAn(X ) TAn(1 )s Bn(Q) SBr(X) TB,AY), 
‘ie’s of order (n+ 1). In general, there are at most oo ‘"**5"-®)/? or coo® unions 
which become unions. 
From the above equations, we discover that if the transformation (18) 
Ace- is union-preserving, it must satisfy the conditions 
Jer, = PX Pjyn-j + Djsn-j? An+(Z) PAn-1 ) + QA n-1 ( } 
Bn-s(Z) (X) + OB, af Y) 
nces Bn-1 (P) RB,., (X) SBnri(Y), 
ture = DA Pj»n-j? Ana(Q) SAn1(X ) + TAn- (i ), 
y of 
rical Let us assume that not all the Xp,,,,, and Yp,,,.,, are zero. Accordingly 
our union-preserving transformation (18) is general or intermediate according 
8 
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as the rank of the jacobian-matrix (Xp,,,,, Yp,,,,) is two or one in a certain 
region of the (2, y, 2)-space. 

First consider the general case. From (X,Y,Z) of (18), we may 
eliminate all the partial derivatives of order n, obtaining a single eliminant 


of the form 


(22) Zu F(X, Y, 25 Pi,m-j) 
where j = 0,1,2,° -,m, and 
Substituting this into the conditions (21), we find the following results 
P= Fx, = Fy, R= F xx, S=— F yy, T = Fyy, 
(23) An (F) = (), Bn (F) (), An-1(F x) == (), 
(Fx) = Ay_1(Fy) = (), B,, = (), 


Thus the components (X,Y,27,P,Q,R,8,T) of our transformation (18) 
must satisfy the equations (22) and (23). 

Upon differentiating the conditions An+(F) =0, Bni(F) =0, with 
respect to the pjn-j, we find, in view of the last four of equations (23), 
the conditions F,,,.,,,== 0. Hence our transformation (18) must satisfy the 


conditions 
(24) An-2(F) =— 0, Bn-2(F) 0, 1-j — 0. 


At least one of the components (X,Y) must be effectively present in 
these equations. For otherwise these equations are identities and thus our 
eliminant (22) is of the form 7 = F(X,Y). This contradicts the fact that 
our transformation (18) is not degenerate. 

Next it is seen that this system of equations (24) is not satisfied by a 
single solution of the form: Y = Y(X,2, 4,2; pjm-j;), (or X =X(Y,z, y, 2; 
Pi,m-j)), Where 7 = 0,1,2,---m, and m=—1,2,:-:,n—1. For then our 


transformation (18) is defined by two eliminants and this contradicts the 
fact that the transformation (18) is general. 

Thus it follows that the system (24) must have a common solution of 
the form: X —X(x,y,23 pjym-j), Y =Y (2, y,2; pj;m-j), which involves 
partial derivatives of order n —1, at most. This contradicts the fact that our 
transformation (18) is general. 

Therefore we have succeeded in establishing that there are no general 
union-preserving transformations from surface-elements of order n = 2 into 
surface-elements of second order. 

Finally consider the intermediate case. From (X,¥Y,2Z) of (18), we 
can eliminate the partial derivatives of order n, obtaining two functionally 
independent eliminants of the forms 
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(25) Y= F(X, Y,%3 Pjm-j), G(X, Y, 23 Pj,m-j); 


for 7 = 0,1,2,:--,m, and m=1,2,:--,n—41. These are found on the 

assumption that at least one Xp,,,,, is not zero. Otherwise a Yp,,,,, is not zero 

and the roles of X and Y are interchanged in these equations (25). 
Substitute (25) into those conditions of (21) which involve Z. We find 


(26) Gxr=P+QFx, Baa(G@) = QBna(F). 


It is observed that the equations An_.(/’) =0, and Bn.(F) =0 (and 
similarly when F’ is replaced by G) can not hold simultaneously. For other- 
wise we can differentiate these with respect to the pj,n-;, and thereby deduce 
that Fp,,,., = 9. Thus the function XY must satisfy the conditions 


(27) Ano(F)—=0, Bue(F) = 0. 


If X is not present in these equations, they must be identities. The first 
of equations (25) reduces to the form Y = F(X). This contradicts the fact 
that our transformation (18) is not degenerate. 

In the other possibility, the system (27) must possess a common solution 
X, which can involve partial derivatives of order n —1, at most. This con- 
tradicts our assumption that at least one Xp,,,_,, is not zero. 

The above arguments demonstrate that Ani(F) and Bn(F) (and 
similarly when F' is replaced by G) are not simultaneously zero. From these 
facts and (26), we find that Q has the form 


Ana(G) _ Bus(@) 


Substitute H for Q into the equations of (21) which involve the partial 
derivatives of Q with respect to the pjn-;. We derive 


(29) (Hx —S—TFx)Xp,,5 + Hp;,.-5 = 9. 


(28) v= H(X, Y, 23 Pj,n-j) 


These prove that the total partial derivatives of H with respect to the 
Pim-j are proportional to the corresponding ones of X. Hence in the function 
H of (28), we must have 7 —0,1,2,---,m, and m=—1,2,---,n—1. 

By using the conditions that the Q»,,,, are proportional to the Xp,,,.;, 
we find by (28) that 


(30) 


If this sytem of equations possesses a common solution for X, then X 
can involve partial derivatives of order (n—41), at most. This contradicts 
our assumption that at least one Xp,,,., is not zero. 


q 
Fyy, 


116 JOHN DE CICCO. 


The only other remaining case to be considered is when the equations 
(30) are all identities. All the partial derivatives of G with respect to the 
small letters are proportional to the corresponding ones of F' in this case. 
Therefore, all the small letters may be eliminated from the two equations 
(25), yielding an eliminant of the form: A(X, Y,Z) =0. This contradicts 
the fact that our transformation (18) is not degenerate. 

Thus it has been established that there are no intermediate union- 
preserving transformations from surface-elements of order n = 2 into surface- 
elements of second order. 

Therefore the only union-preserving transformations of the required kind 
are the extensions of the union-preserving transformations from surface- 
elements of order (n—1) into planar-elements. Theorem 6 is proved 
completely. 


THEOREM 7. The only union-preserving transformations from surface- 
elements of order n= 1 into surface-elements of order m where n= m= 1, 
are firstly, the contact group of planar-elements of Ine, and secondly, the 
union-preserving transformation from surface-elements of order n, where 
n is 2 or more, into planar-elements, together with the extensions of these 


two types. 


For, by hypothesis, any two unions which have contact of order n = 2 
must be carried into two unions of second-order contact, at least. By Theorem 
6, our correspondence must be consequently an extension of a union-preserving 
transformation from surface-elements of order (n—1) into planar-elements. 

Therefore if is a union-preserving transformation from surface- 
elements of order n into surface-elements of order m where n= m= 1, T is 
‘the extension of order m of a Lie contact transformation if n =m; and if 
n>m, T is the extension of order (m—1) of a union-preserving trans- 
formation from surface-elements of order (n — m+ 1) into planar-elements. 
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A NEW DEFINITION OF THE GODEAUX SEQUENCE OF 
QUADRICS.* 


By CHENKUuO Pa, 


A sequence of quadrics has been defined by L. Godeaux* at a generic 
point of an analytic non-developable surface in ordinary space. The first of 
them, ¢, is the quadric of Lie and any two consecutive quadrics ¢n-1, $n in 
the sequence touch each other at four points, which are in turn the charac- 
teristic points of both quadrics. The second quadric ¢, has been found 
independently by B. Su, who called it the associate quadric.? Godeaux * has 
shown the equivalence of this quadric and the quadric ¢;. In connection 
with these investigations the present author* has generalized this quadric 
from the point of view of Finikoff.° Following Godeaux, the definition of a 
Godeaux sequence consists in representing in S; the asymptotic tangents of a 
surface, and consequently has an indirect interpretation in S;. The object 
of this paper is two-fold; first, to give a geometrical significance of this 
sequence by means of certain linear complexes associated with a point of a 
surface, and second, to generalize this new definition to a W congruence so as 


to obtain a generalized sequence of quadrics.® 


1. For the subsequent discussion, it is convenient to utilize the normal 
coordinate system of Cartan’ at a generic point M of a surface. Let 
{M M,M.M;} be a tetrahedron of reference of such a system; we have, on 


putting 


* Received August 24, 1945. 

1], Godeaux, “Sur les lignes asymptotiques d’une surface et l’espace réglée,” 
Bulletin de VAcadémie royale de Belgique (1930), pp. 812-826; (1928), pp. 31-41, or 
“La théorie des surfaces et l’espace réglé” (1934). 

* Buchin Su, “ On the surfaces whose asymptotic curves belong to linear complexes 
II,” 7é6hoku Mathematical Journal, vol. 40 (1935), pp. 433-448. 

*L. Godeaux, “ Remarques sur les quadriques associées aux points d’une surface,” 
Journal of the Chinese Mathematical Society, vol. 2 (1937), pp. 1-5. 

*Chenkuo Pa, “A generalization of associate quadrics of a surface,” American 
Journal of Mathematics, vol. 66 (1944), pp. 115-121, 

°S, Finikoff, “Sur les quadriques de Lie et les congruences-:de M. Demoulin,” 
Recueil Mathématique de Moscou, vol. 37 (1930), pp. 48-97. 

° Cf. L. Godeaux, “ Sur une propriété de l’enveloppe de certaines familles de quad- 
riques,”’ Rendiconti dei Lincei, Ser. 6, vol. 11 (1930), pp. 54-58. 

*Cf. S. Finikoff, Comptes Rendus, vol. 197 (1933), pp. 883-885; B. Su, Téhoku 
Mathematical Journal, vol. 41 (1935), pp. 203-215. 
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that U (or V) is the image of the asymptotic u-tangent (v-tangent) in the 
Klein hyperquadric 2 of S;. The locus of U (or V) forms a conjugate net 
on © and U satisfies the following Laplace equation: 
dlogB 
Thus it gives rise to a Laplace sequence self-conjugate to 2, namely, 


where U_,=—V and (Un) denotes the Laplace transform of (Un-1) in the 
sense v. Let hi, ki be the Darboux-Laplace invariants of the net (U;) ; then 
we have the following relations: 


Un log (Bhi- - -hn), 


The intersection of the plane (UnUnsUns2) with O is known to be the 
image in S; of one regulus of the quadric ¢n, namely, the n-th quadric in 
the Godeaux sequence. 

Let us now consider the osculating linear complex R,(u,v) of the 
asymptotic u-curve at the point M(u,v). It can easily be shown that this 
complex is represented in S; by the intersection of the hyperplane 
[U,V,V:,V2,Vs] with OQ. If M(u+du,v+ dv) be any point of 8 near 
M (u,v), the corresponding linear complex + du,v-+ dv) may then be 
expressed by R, + Riudu-+ Rydv+--- and therefore all the linear com- 
plexes corresponding to points in the first order neighborhood of M have a 
common regulus formed by lines common to F,(u,v), Riu(u,v), Riv(u,v). 
This regulus constitutes the quadric $ of Ine, as was shown in the former 


paper. 


Vn 
Ou du log (yk; kn) ken V n = 0. 
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We now consider the linear complexes R,(u,v + dv) = R, + Rirdv 
+ (1/2!) Ri»wwdv* +--+ + corresponding to points in the second order neigh- 
borhood of M along an asymptotic v-curve. We find easily that these linear 
complexes have one-regulus of the quadric $; in common, and the linear com- 
plexes R,(u,v + dv) = R, + Ryydv + (1/2!) Ryevdv? + (1/3 +: - 
corresponding to points in the third order neighborhood of M along an 
asymptotic v-curve have two common straight lines g:, g2, whose images on 2 
are the points of intersection of (V2V;) with 2. When these lines g1, g2 vary 
in the direction u, we obtain two ruled surfaces G,, G.. There exists a linear 
complex R.(u,v) having a contact of the third order with both G, and G. 
along the generators 91, g2 respectively. In fact this complex R.(u,v) = R: 
is determined by [V2V;V4V5V_]. With the aid of R.(u,v), we obtain, on 
making use of a similar methods the quadrics ¢2, ¢3, ¢4. More precisely, 
they are determined as common reguli of the three sets of linear com- 
plexes + Roudu + (1/2!) Ro Roudu + Ropdv and Ro + Revdv 
+ (1/2!) Rovvdv? respectively. If we consider all the linear complexes 
R, + Roydv + (1/2!) Rovedv? + (1/3!) Rovredv* corresponding to points in 
the third order neighborhood along an asymptotic v-curve, we get two straight 
lines similar to 91, ge. 


Applying the process successively we can define the 
whole sequence. 
Thus we have proved the following 


THEOREM. The Godeaux sequence of quadrics associated with a point 
of a surface can be simply defined with the aid of asymptotic osculating linear 
complezes. 


2. In the next place let us consider the asymptotic osculating ruled 
surface Ry, generated by v-tangents along an asymptotic u-curve. The image 
of the osculating linear complex S,(u,v) of Ry at M is evidently the hyper- 
plane [VViV2V;V4]. All the linear complexes S,; + Siudu + (1/2!) S:uudu? 
corresponding to points of the surface in the second order neighborhood of M 
along an asymptotic u-curve have one regulus of the quadric @ in common; 
all the linear complexes S, + Siudu + Sirdv corresponding to points of the 
surface in the first order neighborhood of M have one regulus of the quadric ¢1 
in common, and all the linear complexes 8; + Sivdv + (1/2!) Sivvdv? corre- 
sponding to points of the surface in the second order neighborhood of M along 
an asymptotic v-curve have their common lines in one regulus of the 
quadric @2. Similarly, among the linear complexes 8; +- Sirdu + (1/2!) Sivedv? 
+ (1/3!) Sivevdv* corresponding to points of the surface in the third order 
neighborhood of M along an asymptotic v-curve, there are only four inde- 
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pendent ones, namely, S8;, Six, Sivv, Sivey and, in consequence, they have two 
common straight lines. Proceeding in the same manner as in 1, we can define 
the quadrics $3, ¢4, $5 successively, and thus obtain the whole sequence. In 
summary, we can state the following ‘ 


THEOREM. With the aid of osculating linear complexes of the asymptotic 
ruled surfaces associated with a point of a surface, we can also define the 


Godeaux sequence of quadrics. 


3. There is now no difficulty in generalizing the notion of a Godeaux 
sequence of quadrics to a W congruence.* For, by a classical theorem of 
Darboux, the image (U) of a W congruence in the Klein quadric of S; forms 
a conjugate net. Letting (Ui.:) be the Laplace transform of (U;) in the sense 


v, we get a Laplace sequence 


Hence by the method used by Godeaux in the case of the asymptotic congruence, 


we can define a sequence of quadrics: 


where is defined by nis). 

It should be mentioned that the quadric ¢-,; decomposes into two focal 
planes of the congruence, and this sequence has properties similar to the 
Godeaux sequence. 

By the method used in 1 and 2, we can readily define the new sequence. 
In the present case, the quadrics of the sequence can, however, be determined 
by the osculating complexes of the congruence. 

In fact, the osculating linear complex of a W conguence is determined 
by (U_.U_UU,U-). By the method of 2, we first define the quadrics ¢-», 
$1, ¢, and then obtain, on using the same complex in the sense v, the 
quadrics $1, $2, ¢3, and similarly, the quadrics ¢-;, $-5. ete. 

Thus we have arrived at the following 

THEOREM. With the aid of osculating complexes of a W congruence, 
a sequence of quadrics can be defined to be associated with each ray of the 
congruence, that is, the generalization of a Godeaux sequence of a surface 
to a W congruence. 


NATIONAL UNIVERSITY OF CHEKIANG, 
KwEICHOW, MEITAN, CHINA. 


L. Godeaux, loc. cit. °. 
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UNILATERAL VARIATIONS WITH VARIABLE END-POINTS.* 


By Jutian D. MANCILL. 


1. Introduction. For the derivation of certain necessary conditions for 


an arc £,. to minimize an integral in the form 


* te te 
[= F(z, Yy, x’, y’)dlt F(a, x’) dt, 
ty ty 
we shall assume that FP(z,2’), 2’), and Fy(z,2’) are continuous in a 
region F# of the xy-plane, and for all (2’, y’) ~ (0,0). The function F(z, 2’) 
is assumed to be positively homogenous of the first degree in 2’ and y’. 


Admissible curves will be supposed always in the form 
2(t), y= y(t), 


and of class D’ in the region RP.’ In order to emphasis the problem at hand, 
we shall assume, unless otherwise stated, that the minimizing curve Ei». lies 
along the boundary of the region R of admissible curves. Our problem then is 
to derive the properties of the are /;2 in order that it minimize the integral J 
in the class of all admissible curves joining a given curve D through the point 1 
and a given curve C through the point 2. We shall assume that the curves D 
and C are of class C’ in the region R. 

The usual procedure in deriving necessary conditions in order that an 
arc minimize the integral J in the case of free variations has been to derive 
the Euler equations first ~ and then to make use of them in deriving further 
necessary conditions. Recent studies have shown that such a procedure is not 
necessary nor desirable for the derivation of two of the so called first order 
conditions. These two conditions for the arc #;. are the Weierstrass condition,® 


which states that 
2’, p) = F(z, p) pF, (2, 2’) —qFy(2z,2’) 20 


along Fy. for all (p,q) #'(0,0), and the corner conditions.* 


* Received October 22, 1945; Revised September 5, 1946. 

1For a definition of the term “class” as here used see Bolza, Lectures on the 
calculus of variations, University of Chicago, p. 7. 

* See, e. g., Bolza, loc. cit., p. 122. 


® Graves, “A proof of the Weierstrass condition in the calculus of variations,” 
American Mathematical Monthly, vol. 41 (1934), pp.. 502-504. 

*Mancill, “A proof of the corner conditions in the calculus of variations,” 
American Mathematical Monthly, vol. 43 (1936), pp. 68-70. 
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In the present paper we shall derive a third first order condition, the 
transversality condition at the points 1 and 2, without making use of the Euler 
equations. These transversality conditions involve inequalities in the case of 
unilateral variations instead of equalities as in the case of free variations. 
The proof is made with weaker hypotheses than the usual proof by means of 
the first variation. The method of proof is simple and may be applied to 
parametric or non-parametric problems in space of any number of dimensions. 
So far as the author knows these results are new since there seems to be no 
reference in the literature to transversality at points of the boundary of the 
region of admissible curves. 

Jacobi’s criterion will be formulated for the cases in which the Euler 
equations are satisfied along H:.. There is no restriction on the length of £1. 
in the case where the Euler equations are not satisfied along Fy. 

A set of sufficient conditions in order that the arc E,. shall minimize the 
integral I will be given after appropriate modification of the original hypo- 
theses on the region FR and the function F(z,2x’). There are many cases and 
they lead to a large number of distinct sets of sufficient conditions, The only 
cases not treated fully are the ones usually omitted, that is when F(z, 2’) = 9 
along £2 at the points 1 and 2 when the curves D and C are transversal or 
tangent to H;.. The methods used are applicable to non-parametric problems. 

The treatment of sufficient conditions given here for the case where F)> 
is an extremal and the curves D and C are transversal to F,. applies to free 
variations, and the method of proof is simpler than that given by Bliss * for 
non-parametric problems. He assumes that the integrand function is positive 
throughout the region of admissible curves for all directions, whereas in the 
present treatment it is only assumed that F(z,2’) ~0 along Fy. at the 


points 1 and 2. 


2. The tranversality condition. Let the equations of the minimizing 


curve FE. be 
y=vy(t), 


and those of the curves D and C be respectively 


D; X,(r), y= Y,(r), 


and 
C: z= X,(r), y= Y;,(r), 


5“ Jacobi’s criterion when both end-points are variable,” Mathematische Annalen, 
vol. 58 (1904), pp. 70-80. 
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interior to the region R. Let the equations 
é: r= $(s, a), y= 


represent a one parameter family of admissible curves intersecting H,. for 
$= 83(a), t= ¢(a), and intersecting the curve C for s=s,(a), 
in a neighborhood of the point 2. The incidence relations of these curves are 
expressed by the equations 


y[t(a)] = ¥[s2(a), a], 
X»[r(a) |] = o[84(a), a] Y.[r(a) ] = y[ss(a), a], 


(1) 


where we may assume U’(a) > 0 at a= a. 


Now consider the admissible comparison curve 
Ea = Fis + 


of the type indicated by the heavy line in the figure. The function 


I(a) 
has the derivative 


(2) I’(a2) = F(a, 2’)t’ (az) — $’)8’3(a2) + $’)8’s(az) 


at a= By means of the homogeneity property of F, the incidence relations 
(1), and their derivatives with respect to a, we find that 
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= E(x, a’) (a2) + (x, + Y’2Fy(z, (a2) 
=0 


at the point 2 since Hy. is to minimize the integral J and t’(a2) is assumed 
positive. The parameter ¢ may be chosen so that t’(a2) =1. Now, if we let 
the direction (¢’,y) approach the direction (z’,y’) at 2 and assume that C 
is not tangent to H,. at 2, it follows from the inequality (3) that : 


(4). (x, 2’) + Y’.Fy(z, 2’) 20 


if 7’(a.) < 0, that is if the curve C is interior to R for r=r2. Likewise 
if r’(a2) > 0, that is if C is interior to R for tS 72, it follows from (3) that 


(5)2 (x, x’) + Y’.Fy (z, x’) = 0. 


The two inequalities (4)2 and (5). can be combined into the single 


condition 


T (x, 2’, X's) + = 0, 


0, 


| 


ly 


as the transversality condition at the variable end-point 2. This is true because 
D(a’, X’2) is positive when (4). is necessary and is negative when (5). is 
necessary. ‘This condition can be derived directly from the inequality (3) 
if we make the additional assumption that the well known function 


' F,(2,2’) > 0 along Fy» at the point 2. For then it follows that 
2’) + (2x, 2’) (a2) <0 


at the point 2 for the direction (¢’,y) sufficiently near but distinct from 
the direction (2’, y’) of Fy. at the point 2, since * E(x, ¢’, 2’) > 0 at 2 under 
these conditions. From the derivatives of the relations (1), we have 


(a2) /t’ (a2) = D(¢’, 2’) /D(¢’, X’2). 


Since the admissible region FP is to the left along F,., the determinant 
z 


D(¢’,z’) is negative and we have 


° Cf. Bolza, loc. cit., p. 140. 


124 

if 


let 


ise 
lat 


rle 


er 


UNILATERAL VARIATIONS WITH VARIABLE END-POINTS. 


a (x, $") + (2, $’)]/D($', X’2) > 0 


at the point 2 if the direction (¢’,y) is sufficiently near but distinct from 
the direction (2’,y’) there. Therefore, it follows that T'(z,2’,X’,) 0 if 
D(a’, X’2) at 2. 

If D(a’, X’2) =0 at.the point 2, that is if (X’2, Y’2) = (ka’, ky’) for 
k ~ 0, several cases arise: 


1) If the curve C precedes the normal line to Fy. at 2, then 
s’3(d2) = 8’4(a@2) in (2) as follows from the derivatives of the relations (1). 
Therefore, in this case we have 


F(x,2’) <0, 


since we assumed that ¢’(a2) > 0. This result holds for & positive or negative 
and is independent of the element (2, ¢’) used in the construction. 


2) If the curve C lies beyond the normal line to E12 at 2, then we may 
make use of the family of admissible curves (€) following 2 and in the 
relation analogous to (2) we would have again s’:(ad2) = s’4(a2). Therefore, 
in this case 

I’ (a2) /t’ (az) = F(z, 2’) 20 


at the point 2. This result is true for & positive or negative and is independent 
of the element (z,¢’) used in the construction. 


3) If the curve C interior to R lies on both sides of the normal line 
to Ey. at 2, that is if C does not cross F;2, then the results of cases 1) and 2) 
must hold simultaneously and therefore in this case 


F(z, 2’) =0. 


Analogous conditions can be shown to hold at the point 1 between the 
curves £,. and D with each inequality reversed. 

If either of the points 1 or 2 is interior to the region R of admissible 
curves, then a construction similar to the one used above but on the opposite 
side of H,. shows, with the results already obtained, that for free variations 
all inequalities in the conditions are to be replaced by equalities. That is, 
at an interior variable end-point 


T(z, 2’, X’) =0, 
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if the transversal direction (X’, Y’) is distinct from the direction (2’, y’), 


and 
F(z,2’) =0 


if (X’, Y’) = (kr’, ky’) for k ~0. 


We may summarize the results of this section ‘in the following: 


THEOREM 1. [f the curve Ei. minimizes the integral I in the class of all 
admissible curves joining the curves D and C; and 


1) «tf the point 2 is interior to R, then T(zx,2’,X’.) =0 for 
(X’2, Y’2) ~ (ka’, ky’) (k >0) and F(z,2’)=—0 at 2 for 
= (kv’, ky’) (k 0); 


2) if the arc Ey. is along the boundary of R, then T(z, 2’, X’,) = 0 at 
2 for (X's, Y’2)  (ka’, ky’). (k > 0) and for (X's, = (ka’, ky’) (k 40) 

F(a,2’) = 0 if C precedes the normal line to Ey. at 2, 

F (2,2) = 0 if C lies beyond the normal to Ey. at 2, 

F(z, 2’) =0 if C lies on both sides of the normal to Es at 2. 

Similar results hold at the point 1 for Ey. and the curve D but with the 
inequalities reversed. 

The conditions in the second part of Theorem 1 have a simple geometric 
interpretation. Suppose that the curve C is interior to R for r=r2. Then 
the inequality (4). must hold even when (X’:, Y’2) = (ka’,ky’) (k0) 


since in this case 


X’.F (2,2) + Y’.Fy (2,2) =kF(z,2’) 20 
at 2. Similarly, if the curve D is interior to R for r= 171, we have 
(4), X’,F,(2,2’) + (a, 2’) =0 


at the point 1. Consider now the two relations (4), and (4). along with the 


equations 

(6) (2,2) +yFy(2,2) =F (2,2), 
and 

(7) X’Fy (2,2) + Y’Fy(z, 2’) =0, 


where (X’, Y’) denotes the direction transversal to (2z’,y’). The equations 
(6) and (7%) in general involve three directions at a point of H,2, namely 
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(a’,y’). Y’), and (F.2, Fy), where we assume for the moment that not 
both the derivatives fF. and Fy are zero, Equation (7) shows that the 
direction (X’, Y’) is orthogonal to (Fz, Fy). Equation (6) shows that the 
angle between the directions (2’,y’) and (Fa2,F,y) is acute if F(2,2’) is 
positive and is obtuse if F(a,2’) is negative. The inequality (4). shows that 
the angle at 2 formed by the directions (X’s, Y’.) and (Fz, Fy) is acute, while 


(x; 


Fic.3 


the relations (4), shows that the angle at 1 formed by the directions (X’;, ¥Y’1) 
and (F., Fy) is obtuse. These relations are shown in figure 2 when F is 
positive at 1 and 2 and in figure 3 when F’ is negative at the points 1 and 2. 
The curved arrow indicates the possible range of the directions of the curves 
D and C directed toward the interior of R, and analogously the broken curved 
arrow indicates the range of the directions of D and C directed toward the 
exterior of R in each case. It follows, therefore that if F(z, 2’) 0 at 1 and 
2, then there exist directions for which the conditions of the Theorem are 
satisfied. 
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If F(z,x’) =0 at 1 and 2, then equations (6) and (7) show that the 
directions (2’,y’) and. (X’, Y’) are coincident or in opposite directions at 
1 or 2, unless Fz and Fy are both zero. In the latter case any direction may 
be defined as transversal to (z’,y’). If F2 and Fy are not both zero but 
F(x, 2’) is zero, there may or may not exist directions distinct from (z’, y’) 
for which the conditions of the Theorem are satisfied. 


3. Sufficient conditions. For the treatment of sufficient conditions, as 
well as for Jacobi’s criterion, we shall assume that F(z, 2’) is of class C’”” in 
a region F” containing RF in its interior and for all (2’, y’) ~ (0,0). We shall 
assume that our problem is regular, that is Fi(z,z’) >0 im R for all 
(z’, y’) ~ (0,0). We shall suppose also that the curves D and C are of class 
C” in R. 

In addition to the function T(z, 2’, X’) already defined, we shall need 


the function * 
T (x, 2’, 2”) = Poy (ax, 2’) — Pye (x, 2’) + Fy (2, 2’) (2’y” 
THEOREM 2. Suppose that E,. has the properties: 


1) Ey. is of class C” and has T < 0 along it; 


2) if D(a’, X’,) ~0 at 1, then T (2, x’, X’,) = 0 there; or if D(a’, 
= 0 at 1, then 


F(z,2’) >0 at 1 if D precedes the normal to EF,» at 1, 
F(z,2’) < 0 at 1if D lies beyond the normal to E,. at 1; 


3) if D(a’, X’.) 0 at 2, then 2’, X’2) = 0 there; or if D(z’, X’2) 
= at 2, then 
F(z,x’) < 0 at 2 if C precedes the normal to E,» at 2, 
F(z, 2’) > 0 at 2 if C lies beyond the normal to at 2. 


Then the arc Ey. minimizes the integral I in the class of all admissible 


curves sufficiently near E12 joining the curves D and C. 


Since 7 < 0 along £2 it remains less than zero along the bev dary of R 
in neighborhoods preceding the point 1 and following the point 2. We shall 


*If Ey is of class CO’ and minimizes the integral J, then 7=0 along it. For a 
proof see, Bolza, loc. cit., p. 148. 
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denote this extended arc by L56, where the points 5 and 6 are sufficiently near 
1 and 2 respectively. Then the one parameter family of extremals 


€: t=¢(t,a), y=y(t,a), 


tangent to for t=t(a), a; aS forms a field adjoining Es. 
in RF for 

t(a) StSt(a) ds StS ag, 
if e. is sufficiently small.* Also, the family of extremals (€) forms a field #, 


adjoining FL, in FR for 


t(a) a Saag, 
if e, is sufficiently small. The functional determinant 


A(t, a) ons ga 
Ya 
is positive interior to ¥,, negative interior to #2, and is zero on H55. Now 
choose a point 8 on Fy. at which F(z,2’) #0. Let L represent a curve of 
class C’ through the point 8 in the unique direction transversal to F,. there. 
The one parameter family of extremals 


E: «=4¢(t,a), y= y(t,a), 


cut by L transversally forms a field ¥; in R for 


és és, ds SaSa,+ d, 


where e; and d are sufficiently small positive numbers. This family of 
extremals contains the extremal €; of the family (€) for a—as. Let the 
region in the zy-plane common to the regions #, and #2 be denoted by 
#. Let Vi denote any admissible comparison curve in # joining the curves 


‘ 


D and C in the points 1’ and 2’, respectively, and distinct from E,2. Let 
represent the last point along V2, in which Vj2 crosses €s preceding 8. 
Also; let 9 denote the first point beyond 7 along Vi» in which V1.2 crosses 


€, beyond 8. Then it is easily seen that ¥ can be so restricted that Vio 


lies in the region #3. 
Now, by considering only the field ¥, and making use of the assumption 


of regularity, it can be shown that ® 


8 Bolza, Vorlesungen iiber Variationsrechnung, Berlin, 1909, pp. 403-05. 
® Mancill, “The minimum of a definite integral with respect to unilateral varia- 
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(8) I (Viz + > + Ess). 


By considering the field ¥, it can be shown in the same way that 


(9) Vee) > + Cer). 


Fi6.4 


Also, by making use of the well-known invariant integral J* in the field Fs, 
it can be shown that 

(10) I(Vi9) > + Exo). 

Combining the inequalities (8), (9), and (10), we obtain 
(11) T(Virer) > T(Evs + Esa + Ese’). 


It is our purpose now to show that in general, under the hypotheses of our 


theorem, 

(12) > fis), 
and 

(13) > I (Fa), 


if the field F is sufficiently restricted. 


tions,” Contributions to the Calculus of Variations, 1933-1937, University of Chicago 
Press, pp. 129-32. 


Ex. 
| 
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We shall prove the inequality (13) in two parts by making use of the 
extremals of the field #.. First consider the case where D(z’, X’.) ~9 
at the point 2. The function 


(a) (Bay + Eger), 


where 4’ is on Hy. and 2” is on C, has the derivative 


I’,(a) = a)T (2, X's), 


which is negative near the point 2 and is zero at 2, if T(2,2’, X’2) > 0 there. 
If T(a, x’, X’.) =0 at 2 we shall need to consider the derivative of the 


function 


near 2. Direct calculation shows that this function has the derivative 
g/2(a) = [A,A(t, a) + BoAt(t, a) ]/D(4", X’2) 


near 2, where A. is a known function of the elements of our problem and 
B, = [D(¢’, X’2) ]*F (a, ¢’). Therefore,g’2(a) has the same sign near 2 as 
has the function 

D(a’, Fy (a, At (te, de) 


at 2; this function is not zero and has the sign opposite to that of D(2’, X’2) 
since A; (tz, d2) is negative. Therefore, it follows that even if T (2, ¢’, X’,) =0 
at 2 it is positive near 2 in the field ¥., if this field is sufficiently restricted. 
Thus, J’,(a) is negative near 2 and the function J2(a) is decreasing. But it 


is obvious that 
—I (Baz) = (a4) — 


where a, < dz if 2’ is distinct from 2, and the inequality (13) is proved. 
Next we shall consider the case where D(a’, X’2) =0, that is (X's, Y’2) 
= (ka’, ky’) (k0), at 2. Suppose that the curve C is interior to the 
region R for r=v7.2. Then it follows from the hypotheses of the Theorem 
that 
X’.Fy (2,2) + Y’.Fy (2, 2’) >0 


at 2. Consider the function ?° 


W (a, y) (Egy + Ey), 


*° Compare Bolza, Vorlesungen, pp. 405-07. 
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and define 
= yor). 
It can be shown that 
S’(t2") = (x, $’) + Y’.Fy(z, ¢') 
at 2”, which is positive near 2. It is easily seen that 
—I (E42) = 8 — S (72) 


if the point 4 precedes 2 along HZ... Therefore the inequality (13) holds in 
this case if ¥, is sufficiently restricted. In the same way we can show that 
this inequality holds if C is interior to R for r S72. 

If D(a’, X’2) = 0 at 2 and C lies beyond the normal to Z,, at 2 in sucha 


way that the point 4 lies beyond 2 along F;., then the inequality (11) becomes 
(14) (Vier) > + + (Bes + Es’). 

An argument similar to the one just given can be used to show that 

(15) I (Bes + Eso) > 0, 


in this case if the field #, is sufficiently restricted. From the inequalities 
(11) and (13) or from (14) and (15), it follows that 


(16) (Ey; + Es2). 


Steps perfectly analogous to those just completed, but making use of the 
field ¥, defined by the family of extremals (€) preceding their points of 
tangency with Fs, can be taken to prove that the inequality (12) is true if F, 
is sufficiently restricted and the point 3 follows 1 along F5,. If D(a’, X’,) =0 
at 1 and the curve D precedes the normal to H,2 at 1 in such a way that 3 
precedes 1 on H5., then the inequality (16) becomes 


(17) T(Vy2) > + + Fiz), 

and it can be shown as in the analogous case at 2 that 

(18) T(€y3 + > 0. 

From the inequalities (12) and (16) or from (17) and (18), it follows that 


I (Vy 2") I (E42). 
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This completes the proof of Theorem 2 under the assumption that there 
is some point 8 on Fy, at which F(z,z’) ~0. If Ly. is a solution of the 
differential equation 2’) = 0, that is if F is identically zero along 
one may replace the field ¥; used in the above proof by one determined in a 
neighborhood of 8 by the one parameter family of extremals through the 
point 8, for example. 

It should be pointed out that if F(2,2’) =0 and not both Fz and Fy 
are zero at 1 or 2, then Theorem 2 may be vacuous as follows from the 
geometric interpretation of the conditions of the Theorem already given. For 
example, if this is true at the point 2, then the curve C is not tangent to Fi2 
and T (x, a’, X’,) is positive or is negative for all directions (X’2, Y’s) 
(ke’, ky’) (k~0). In the latter case there is no direction (X's, 
tor which the conditions of the Theorem are satisfied. 

The next four theorems have to do with the case where T = 0 along Fi2, 
that is when /;. is an are of an extremal. Therefore, each theorem will involve 
the Jacobi condition for the are L;2. By means of the methods used by the 
author *? and those of Bliss?” for two variable end-points, one is able to 
derive the Jacobi condition for each of the cases. These proofs do not 


require that the enveloping curve have a regressive branch at its point of 


contact with the minimizing curve. We shall state these conditions strength- 
ened in the usual way. 
(1) 2 contains no pair of conjugate points. 


If the curve PD is transversal to #2 at the point 2, then 


(11) 2 does not contain the critical point of the curve D. 


If the curve C is transversal to £2 at the point 2, then 


(III) 2 does not contain the critical point of the curve C. 


If the curves D and C are transversal to #2 at the points 1 and 2 respectively, 
then 

(IV) The critical point d of the curve D and the critical point c of 
the curve C lie in the order 12cd or some cyclic order with all points distinct. 


4 Mancill, “The Jacobi condition for unilateral variations,” Duke Journal of 
Mathematics, vol. 6 (1940), pp. 341-44. 
ctt., p. 74. 
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an are of an extremal. 


= 0 at 1, then 


= 0 at 2, then 


curves sufficiently near E,. joining the curves D and C. 


through a point 0 preceding the point 1 on Fy, containing £,. for a = dp, 
and which forms a field ¥ determined by the parameter values 


for e sufficiently small. This field lies interior to the region RF of admissible 
curves. If we assume that the curve D is inferior to R for r=, and 
that C is interior to R for r= 72, then it follows from the hypotheses of the 
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The next theorem is analogous to Theorem 2 for the case where Fi is 


THEOREM 3. Suppose that FE,» is an extremal arc with the properties: 
1) condition (1) is satisfied by E,.; 


2) if D(2’, at 1, then T (a, x’, X’,) <0 there; or if D(a’, X’;) 


F(2,2’) > 0 at 1 if D precedes the normal to EF,» at 1, 
F(az,2’) <0 at 1 if D lies beyond the normal to E,. at 1; 


3) if D(a’, X’,) at 2, then T(x, x’, > 0 there; or if D(x’, 


F(xz,2’) < 0 at 2 if C precedes the normal to FE, at 2, 
F(a,2’) > 0 at 2 if C lies beyond the normal to Ey. at 2. 


Then the arc Ey. minimizes the integral I in the class of all admissible 


There exists a one parameter family of extremals 


r= $(t,a), y=y(t,a), 


a t,—eStSt.+e, 


Theorem that 


Fa 2’) + Y',Fy (2,2) <0 


(x, 2’) + ¥'2Fy(z, 2’) >0 


at 1 and 2 respectively. Let V1-2 be any admissible comparison curve in # 
joining the points 1’ and 2’ respectively. Then we have 
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= —1* + (C22) — 1* (Div) 


because of the invariance of the integral J*. But the right member of (19) 


is positive since our problem is regular and 


I* (Dy) <0 


1* (Co) > 0, 


if the field ¥ is sufficiently restricted. Obviously the same conclusion can 
be reached if the positive direction along either D or C is reversed. Therefore, 
Theorem 3 is proved. 


THEOREM 4. Suppose that Ej. is an extremal arc with the properties: 


1) T (x, x’, X's) and F(z,x’) €0 at the point 2; 
2) condition (11) is satisfied by E42; 
3) same as in Theorem 3. 


Then the arc Ey, minimizes the integral I in the class of all admissible 
curves sufficiently near Ey. joining the curves D and C. 


The one parameter family of extremals cut by D transversally forms a 
field in R in which we may apply the same proof as in Theorem 3, since C 
is not transversal to Hy. at the point 2. In the same way we can prove the 
next theorem. 

THEOREM 5. Suppose that E,. is an extremal arc with the properties: 

1) T(a,2’,X’,) =0 and F(z,2’) £0 at the point 2; 

2) same as in Theorem 3; 


3) condition (III) is satisfied by Ey. 


Then the arc E,. minimizes the integral I in the class of all admissible 
curves sufficiently near Ey. joining the curves D and C. 
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In the next two theorems we shall treat the case analogous to the problem 


of free variations with both end-points variable,"*® that is where H,2 is an 


extremal and both D and C are transversal to H;2, The one parameter family 


of extremals 
(20) 


r= ¢(t,a), y=y(t,a), 


cut by D transversally contains Fy, for ad. If this family forms a field 


about Hi2, we shall denote by C’ the transversal of this field through the 


point 2, which in this case will be tangent to C at 2. 


THEOREM 6. Suppose that Ey. is an extremal arc with the properties: 


1) =0 and F(a2,x’) €0 at the point 1; 


2) condition (II) is satisfied by 
3) T (2, av’, X’,) =0 and F(z, x’) ~0 at the point 2; 


4) F(2,2’) > 0 at 2 and C’ coincides with or lies on the same side of C 
as does D near 2 in R; or F(a,2’) < 0 at 2 and C’ coincides with C or lies 
on the side of C opposite to D near 2 in R. 


Then Ey. minimizes the integral I in the class of all admissible curves 
joining the curves D and C and sufficiently near Ey. 


Under the hypotheses of the theorem the family of extremals (20) forms 

a field about Fi. Also there is a unique curve C’ through 2 which cuts each 

of the extremals of the field transversally. Let Vy denote any admissible 

comparison curve in the field intersecting the curve D and C in 1’ and 2’ 

respectively. Suppose that the first part of hypothesis 4) of the theorem 
. is satisfied. Then the usual proof shows that 


(21) > I(€s2"), 


where €;. is the particular member of the family (20) through the point 5 
on D and the point 2’ on C. Let the extremal €;2° meet C” in the point 3, 
and we have 


I (E52) T(€s3 + E30") -- E30"), 


since D and C’ are both transversals of the field. Since F(z,2’) >0 at 2, 


*® For the problem in non-parametric form see, Bliss, loc. cit., pp. 75-80. 
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it will remain positive along each member of the family (20) in a sufficiently 
small neighborhood of 2. Therefore, if the field is sufficiently restricted, 
we have 

I (€32") 0. 


Consequently the theorem is proved for the case when C’ precedes C or 
coincides with C along the extremals (20) and F(z,2’) >0 at 2. 

Now suppose that the second part of hypothesis 4) of the theorem is 
satisfied. In this case F(z, 2’) < 0 at 2 and 


I < 0 


if the field is sufficiently restricted. Therefore, it follows from the inequality 
(21) that 


since D and C are transversals of the field. 
THEOREM %. Suppose that Ey. is an extremal arc with the properties: 
T (x, x’, X’,) =0 and F(z, 2’) €0 at the point 1; 
T (2, x’, =0 and F(a, 2’) 0 at the point 2; 


3) condition (1V) ts satisfied along 


Then Ey. minimizes the integral I in the class of all admissible curves 


joining the curves D and C and sufficiently near E>. 

Again the family of extremals (20) forms a field about H,.. It has 
been shown in general that the position of the critical point c of the curve C 
depends only upon the curvature of C at its intersection 2 with H,2. The 
radius of curvature r of C at 2 is thus a known function of the parameter ¢ 
of the critical point c. This function has a non-zero derivative dr/dt whose 
sign is that of 

2’) sin (62 — 6c) /F (2, x’) 


at 2, where 0 and 9 are the angles that Zi. and C respectively make with 
the z-axis.‘ Now suppose we consider the case where the order of points in 
condition (IV) is 12cd. We shall break the proof into two cases: 


14 Bliss, “ The second variation of a definite integral when one end-point is variable,” 
Transactions of the American Mathematical Society, vol. 3 (1902), p. 139. There seems 
to be an error in sign in the formula for dr/dt on this page. 
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1) F(z,2’) >0 at the point 2: 


If C is directed toward the left of Fi., that is toward the interior of R 
at 2, then the derivative dr/dt < 0 and re > re’, since c precedes d and d is 
the critical point of C’. But in this case r¢ and re are negative, and 
therefore ©’ lies to the left of C, that is on the same side of C as D, 
If C is directed toward the right of F,., then the derivative dr/dt > 0 and 
Tc <1 since c precedes d. But in this case r¢ and re are positive, and 
therefore C’ lies on the same side of C as D. Thus, Theorem 6 applies in 


this case. 
2) F(z,2’) <0 at the point 2: 


If C is directed toward the left of £,., the derivative dr/dt >0 and 
To <Tc’ since c precedes d. But in this case re and re are positive and C’ 
lies on the side of C opposite to D. If C is directed toward the right of Fj», 
then dr/dt < 0 and re > re since ¢ precedes d. But in this case 1r¢ and rc are 
negative and C”’ lies on the side of C opposite to D. Therefore, Theorem 6 


4. asilar proof can be made for each of the cases determined by the order 


of the oints 1, 2,c, and d. If the points c and d coincide, then 2 may or 
may i ~ Minimize the integral 7, but Theorem 6 furnishes a set of sufficient 


-condit as ‘n this case. 

e treatment of the case where Fi. is an extremal and the curves D 
and ‘° are transversal to #2 just completed is the same for free variations. 
It is he ~. .aion of the author that the treatment given here is simpler than 
that g .-n_ y Bliss to which we have already referred. 


UNIVERSITY OF ALABAMA. 


138 


ON SOME TRIANGULAR SUMMABILITY METHODS.* 


By JosHuA BARLAz. 


1. Let there be given a sequence-to-function transformation 


(1.1) ¥(2) swo(z), 


v=0 


where {y~v(2)} is a sequence of functions defined on a point set € having a 
limit point € not belonging to the set; then the generalized limit of the 
sequence {sy} is defined by 

lim ¥(z2) = s = gen lim sy 

if the limit on the left exists. In a recent paper,’ Otto Szdsz considered the 
question of selecting a sequence of points {xn} belonging to the point set €, 
In—>€& as n— o, and associating with it the sequence-to-sequence triangular 
transformation 


(1. 2) Bn(an) = (Zn), n= (), 
p=C 


where the generalized limit of the sequence {sv} is now defined by 


lim By(an) = s = gen lim sv. 
n->0O 


It is to be noted that Bn(x) is defined by taking the first n + 1 terms of the 
series defining the function ¥(2) ; the summability method is then constructed 


with the sequence {zn}. 

As set forth in the aforementioned paper of Szasz,? the regularity of 
either method (1.1) or (1.2) does not imply the regularity of the other 
method. On the other hand, if the first method is boundedness preserving, 
then the associated triangular methods are also boundedness preserving for all 
sequences {2}, tn—>€. The conditions of regularity for the transformation 
(1. 2) are 


(1. 3) lim Ww (rn) = 0, 


n->0O 


* Received February 27, 1946. Presented to the American Mathematical Society, 
September 15, 1945. The author wishes to thank Professor Otto Sz4sz for his interest 
in the preparation of this paper. 

* The superscripts refer to the notes and references at the end of the paper. 
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| | < K, K independent of n, 
v=0 


lim Wv(an) = 1. 


v=0 


The purpose of this paper is to consider the triangular matrix trans- 
formation which results when y(a) is taken equal to e*x’/v!; that is, when 
the generating process is applied to Borel’s exponential method. The 
generalized limit of the sequence {sv} is now defined by 


(1. 6) gen lim sy = lim (svan’/v!), In—> ©. 


2. The first problem considered for this summability method is the 
determination of necessary and sufficient conditions on the sequence of points 
{rn}, tn —> ©, so that the regularity conditions (1.3), (1.4), and (1.5) are 
satisfied. It is easily seen that the conditions (1.3) and (1.4) are here 
fulfilled with every sequence {zn}, so long as 4, —> ©. Therefore, in order 


to insure regularity, it remains to choose the sequence {2x} so that 


(2.1) gn(in) = gn > 2,"/v! > 1 as n> 
v=9 


In determining the sequences {x} satisfying (2.1), we shall use the following 


limit due to Gauss: * 
(A) limet e#/2dt = p(w). 
Vo -0o 


The function p(w) has the following properties: 


1. p(—o) —lim p(w) = 0, 


2. p(0) =1/2, 


B 
(B) 3. p(o) —lim p(w) — 1, 


4. p(w) increases continuously as » increases. 


THEOREM 2.1. A necessary and sufficient condition that 


(2. 2) gn(In) ~AaSn—> ow, 0=A=1 

is that 

(2.3) lim (an —n)/Vn =— p, Tn 00 


where p(p) =A, 1.€., p= p-1(A). 
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Proof. (a) Sufficiency: We consider first the case when p is finite. It 
follows from (2.3) that for every positive «, however small, there exists an 
Ny = No(e) such that 


n— (pte) Vn n— (p—e) V0, n> No. 


Transforming the above inequalities, we have 
(Vn— (p +«)/2)?— (p+ €)*/4 San (Vn — (p—e)/2)? — (p—e)*/4. 
Choosing n so large that Vn> (p + €)/2, we obtain 


Vin + (p—e)/2S Vin + 


tn + (p—e) (p—e€)?/4 + (p—e)?/2 


SnZSant+ (pte) Van+ (p+ €)?/4+ (p + €)?/2. 


Inasmuch as %, — ©, we have for n large enough 
tn + (p— 2) Van Sn + (p+ 2) Van. 
From this it immediately follows that 


(2. 4) ! =. gn = > ! ; 


vSan+(p-2€) Van vSarn+(p+2€) Van 
letting n become infinite, we get from (A) 
p(p— 2e) S lim gn S lim gn S p(p + 2e). 


Inasmuch as « may be chosen arbitrarily small, and p(w) is continuous, we 


have 
lim gn(@n) = p(p) =A. 


If p is positive infinity, the condition (2.3) leads to the inequality 
n=ar+K Vin, 
K arbitrarily large, n large enough depending on K. This implies that 
p(K) Slim gn Slim gn <1, 


whence it follows that 
lim gn = p(o) = 1. 


If p is negative infinity, we obtain similarly 


ns Tn — KV 


n 
le 
"e 
re 
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and consequently 0=lim gp <lim 9, S=p(—K) which yields limg, 
= p(— ©) This completes the proof of the sufficiency.. 

(b) Necessity: The necessity of (2.3) for (2.2) follows easily from 
(a), the proof of the sufficiency; for, by (a), the sequence {(2n—n \/V n} 
could not have more than one idimit point, finite or infinite, in order that gq, 
have a limit. Again by (a), the one limit point must be — p. 


THEOREM 2.2. A necessary and sufficient condition that the swmma- 
bility method defined by (1.6) be regular is that 


(2. 5) lim (an —n)/Vn =— In > 


This theorem follows immediately from the preceding one and the fact 
that (1.3) and (1.4) are satisfied when 
It is easy to see that we can derive from Theorem 2.1 the following 
result: Consider the summability method defined by the relation 
' 


n 
(2.6)  genlim sy = lim > svan’/v!, 


y=0 


A necessary and sufficient condition for the regularity of the method is (2. 3). 
Theorem 2.2 is the special case A=1, p= ©. 

The transform (1.6) clearly is always boundedness preserving. If 
lim (%, —n)n-4 exists, the transform is convergence preserving. Further- 
more, if lim (x, — n)n-* = o, the method sums every bounded sequence to 


the value zero. 


3. The first application that we shall discuss for the transform (1. 6) 
is to analytic functions of a complex variable defined by a power series with 
a finite radius of convergence. It is the purpose of this section to show that, 
with certain conditions on the sequence of points {zn}, the summability 
method defined by (1.6) yields the analytic continuation of the function 
within the Borel polygon.** 

Let there be given a function defined by a power series in a positive 


circle of convergence : 


co 
(3. 1) f(z) az’, 
Let 
(3. 2) = 0%, nem (,1,2,°°°, 
v=0 
(3. 3) F(z, 2») =Fp(z) = 80(2) 


y=0 


ng 
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Then it is clear that (3.3) gives the application of (1.6) to the sequence 
of partial sums defined in (3.2). When {an} satisfies the condition (2.5), 
Theorem 2. 2 implies that Fn(z) > f(z) asn— for |z| <r. As has been 
anticipated, the object is to determine additional conditions on {2n} so that 
Fn(z) > f(z) as n— © in a larger region for z, namely the Borel polygon 
for f(z). We first proceed to set up several formulae relating Fn(z) to f(z) 
more directly than is done by the defining formula (3.3). 

Having started with the function f(z), defined by (3.1), let T be any 
closed Jordan curve containing the origin, such that f(z) is regular interior 
to and on fT. Then from the formula 


(3.4) m= 0,1,2,°--, 
it follows that 
m=0 m=0 —" 
f(£) § 
Sv(Z = 2 ) l 9 
Sy(z) joni ) df, z not on 


Assume now that z is interior to T. We obtain 


(3. 5) Ssv(z) = f(z) —1/2mi dg. 


Substituting now the formula (3.5) for sv(z) into (3.3), we get 


n p+1 
f(z) an”/v! — > tn”/v! dé, 
v=0 


y=0 
or 
(3. 6”) F,(z) =f (2) gn(an) —I (an, 2), 
where 


(£)z 
(€—2)e 


and gn(an) is given in (2.1). Thus the problem has been reduced to the 
determination of conditions on {zn} so that as 
Clearly under these conditions. 


(3. 7) I (an, 2) = = (Za, dé, 
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We now proceed to simplify the integral 7, by means of a transformation 


n 
of the kernel } 2»’2”/’v! into an integral. As has become standard in such 


cases, the starting point for the conversion is the familiar formula 


mi— | t™e-tdt. We have 
0 


K(A) =1/n!> = Sr’/v!, 


VI(n—v)! 
(3.8) 
* 00 
K(A)—=1/n! f (A+ t)"e-tdt, n=0. 


0 


Write z/f =o—2-+ if, a, B real. Then 


CO 
Ken == K = 1/n! f(t + 


co 
(¢ + aan + iBan)"e-*dt ; 
0 


fe 
n!Ky = (¢ + i2,B)"e-*dt 


arn 


a 


Considering ¢ + iz,8 as a complex variable s, we have 


where is the straight line path + imB— 0+ tanB. Let C(p) 
designate the straight line path + >p-+itanB. Then 


(3. 9) 1K, = lim f e-8s"ds. 
Cc 


(p) 


From the fact that e~*s" is a regular function of s in the whole complex plane, 
it follows that 


(3. 10) = (f +) + ) Ts 
C(p) Ci C2 J C3 


where C2, Cz are the straight line paths tnw p> p + tanB 


respectively. It is easily seen that 


(3. 11) | Ts anB |e? | p+ |"—0(1) as p> 


im 
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p 
(3. 12) f e8s"ds > n! as p> 0. 
0 
We now have from (3.9), (3.10), (3.11), (3.12) 
(3. 13) Kn = > tn’2”/ == (e%n/n !) s"e-sdg, 
v=0 Cy 


Combining (3.7) and (3.13), we obtain 


(3. 14) In = 1/2ni f 


(1-2/8) J Ry 


where 


(3. 15) Rn(z) = J — s"e-*ds} df. 
THEOREM 3.1. /f x, =0(n) as n— o, then R,(z) as n- for 
all z (not on T). 


Proof. From the hypothesis, it follows that for any positive «, however 
small, x, = en for n large enough. Using Stirling’s formula: n! = n"e-" (22), 
we get 


| e72n(1-w) s"e-8ds | < ¢-en(1-a) plalan | | n+l | 
J C1 


n"e-" 


= > n> No 

Recalling that [ is a closed Jordan curve containing the origin, we see that 
K, A, B are absolute constants independent of £, on T. Hence, if « is chosen 
small enough, it follows that the right hand member of the above inequality 
tends to zero uniformly as to £, £ on T, as n—> ©. This is sufficient to prove 
the theorem.® 


THEOREM 3.2. Jf tr=0(n), ©, as n—> ©, then Fy(z) > f(z) 
as n—> 0, for all z in the Borel polygon of the function f(z). 


Proof. From the condition %, =o(n), Theorem 2.1 implies that gn—>1 


asn—> oo. If z satisfies the inequality 0 (z/£) <1 for all £ on I, clearly 


(3. 16) 1/21 de —> 0), n—> 


It is well known that the condition 8 (z/£) < 1 for all £ on I implies that, 
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with the proper choice of the curves I’, (3.16) can be proved for all z in the 
polygon.’ Applying the formulae (3.6’), (3.14), and Theorem 3.1, the 
proof is rendered complete. 

Theorem 3.2 gives a condition under which the triangular summability 
method defined by (1.6) sums a power series within the Borel polygon of the 
function represented by this series.* However, we can also use the formulae 
derived on the preceding pages to show that if % —o0(n), then the transform 
(1.6) is as powerful as Borel’s exponential method of summation when 
applied to a power series with a non-zero radius of convergence. 

To demonstrate the result just mentioned, let us return to formula (3. 5) 
We observe that if z is exterior to T, then (3.5) becomes 


(3. 17) Sv(z) = —z) 


Using (3.3), (3.5), 3.6’), (3.14), (3.17), we can now write for all z not 
on 


_ 


(3.18) F(z, —1/2ei 


where T is any closed Jordan curve containing the origin, such that f(z) 
is regular interior to and on I, and 


(3. 19) §(z,T) —1, if z is interior to T 
= 0, if z is exterior to I. 


The equation giving the application of Borel’s exponential method to the 
series in (3.1) is 


(3.20) B(z,x) =8(2,T)f(z) —1/2m —> 


Combining (3.18) and (3.20), we have at once 
— F(z, an) =8(z,T)f(z)[1— gn] + Rn(z). 
Using Theorems 2.1 and 3.1, we have 
THEOREM 3.3. If %,—=0(n), then the transform (1.6) is as powerful 


as Borel’s method in summing power series with a positive radius of 
convergence. 
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Employing (3.8) and (3.13), we obtain 
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4. In this section we consider the application of the transform (1. 6) 
to Fourier series. It is immediately seen from Theorem 3. 3 that if rn = o0(n), 
then the triangular method will sum a Fourier series whenever Borel’s method 
does. However, the proof of Theorem 3.2 and the footnote referred to therein 
suggest the possibility of less restrictive conditions on the sequence {%n} in 
the case of Fourier series. 

Let f(@) be a Lebesgue integrable function of period 27. Following 


the usual notation for Fourier series, we have 
. 
(4.1) f(0) ~ ao/2 + (an cos n6 + by sin nO) = An(O). 
1 0 


(4. 2) An(@) 0 as n— uniformly as to 


2r 


(4. 3) Tan = ftw cos ntdt, = J, f(t) sin ntdt, n= 0. 
Writing 

sn(8) — n=0, &*(0) —34n(0), n>0, 8%) —0, 
it follows that 
(4. 4) 1/m f, t)cot (t/2) sin vtdt, where 


(4.5) y(0,t) + t) + f(6—1)). 


From (4.2) and the fact that the method (1.6) is linear and boundedness 
preserving for all sequences {an}, therefore preserving convergence to zero 
as well as uniform convergence to zero, it follows that we may use the sequence 
{sn*(@)} instead of {sn(@)} in the formal application of (1.6). 

Write 


n 

(4. 6) Pn = P (0, 2n) = sv* (0) 2n"/v!, n=0,1,2,:°-. 
y=0 

Then from (4. 4) 


(4.7) Py = 'y(0,t) cot (t/2) { sin vt/v!}dt. 


p= 


le 

e 

1e 

ie 

m 

n 
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ar’ sin vt/v! S = (anet)} 
y=0 


= R{exp (aneit)} + Mf{exp (2ne‘*) s"e-*/n !ds}, 
C1 
where (C; is the straight line path zne‘‘—>0. Therefore 


(4.8) t) cot (¢/2) gin (z, sin t)dt + On 
0 


where 


(4. 9) Qn = 1/2 t) cot (t/2) & {exp (— an + s"e-®/n !ds}dt, 


and B(@,z) is the same as the familiar expression which is obtained when 
Borel’s exponential mean is applied to Fourier series. 


THEOREM 4.1, (i) Jf 
(4. 10) tnn/e+K, n>WN, K a constant, 
then Qn =0(1) as n—> ©, uniformly as to 8. 


(ii) If {xn} satisfies (4.10), then (1.6) will sum a Fourier series 
whenever Borel’s mean sums the series. 


Clearly the second part of the theorem is an immediate consequence of 
the first part. Writing 


Dn = exp (— an + ane**) s"e*/n! ds, 
Ci 


we have 


0 
Dn = exp + + 1(n + w” exp(— wet!) /n! dw, 


an 
f exp(2ncos t — an — w cos t)w"/n! dw. 
0 


Observing that 2, cost for OS and for all 
we have 


| Dn | S an"**/(n + 1) ! (ean) + *(n + 1)%. 


Hence if 


a 
H 


s} dt, 


ON SOME TRIANGULAR SUMMABILITY METHODS. 


(4. 11) {exn/(n + = o0((n+1)*) asn> o, 


it follows that D, —o0(1) as n—> ©, uniformly as to ¢. Inasmuch as (4. 10) 
implies (4.11), the theorem is proved. 

By virtue of the theorem just demonstrated, we note that the many 
results concerning the application of Borel’s method to Fourier series, which 
have been derived in the literature, can be transformed into theorems for the 
triangular method (1. 6).° 


5. We conclude this paper with two results for the transform (1.6), 
which are known to exist for Borel summability. 


THEOREM 5.1. The summability method of arithmetic means is not 
included in the method (1.6) for any sequence {2n}. 


Proof. For certain sequences {z,}, the theorem is immediate from the 
results of the preceding section on Fourier series. However, we use here a 
general method invoking the Silverman-Toeplitz conditions for regularity. 
Let 

n 
th S syx,”/v!}, On = {So +8: n=O. 
y=0 
Clearly 
n 
-7 
tn = {(v+ 1)ov — = 0 
v=0 


n-1 


(5.1) ty == = (v + — + 1) 


n 
(n 1 )on/n ! > AnvOv, 


v=0 
where 
(5. 2) Anv = + 1) {an’/v! — + 1) I}, 
v=n—1, Ann = (n + 1)2,"/n!}. 


In order that the transformation of {ov}, defined by (5.1), be regular, it is 
necessary that 


(a) =z = (v + 1) (an”/v! — + 1)!) + (n+ 1)an"/n}} 


n 
ps Ln”/v! —1, n—> 
py=0 
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(b) | ay |= (+ 1) | + 


+ (n+ 1)an"/n!} = O(1) o. 


Theorem 2.1 shows that (a) is satisfied if {a} satisfies (2.5). In fact, 
we shall admit those sequences {xn} satisfying (2.3) with p>—o. Then 
for some k, 


(5. 3) In n+ kV n, 


On the contrary, (b) cannot be fulfilled if {an} satisfies (5.3). To prove 
this, we consider two cases. 


(i) Suppose nS n+ kVn. Then 
n-1 
Qn = — (v + 1) n”/v! — (v + 1) 1} + (n + 1) an"/n! 
Qn == 2e-™"(n + 1)an"/n! — > — 1. 
y=9 


It is easy to see that the function e“z", x, n > 0, attains its maximum when 
x =n and that it is a monotone decreasing function of z, 7 >n. Therefore 
Qn > n- (n + kn®)"/n! —1= 20, —1. 

Inasmuch as 
it follows that gn is of the order n* for the case being considered. 


(11) Suppose Letting p= [xn], we have 


qn = (v-+ ) (an”/v! — an’*?/(v +1) !) 
+E (+1) + 1) 1) + 1) 


> /p!— 2. 
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Recalling that » = #, < »+ 1, and using the monotone nature of the function 


e-*z* for x > pw, we obtain 
Gn > + we (wt 1)4/p! — 2 = 2wyp— 2. 
Inasmuch as wp ~ (»/2r)*, it follows that gn is of the order »¥ for this case. 


Combining the results of (i) and (ii), we see that (b) and (5.3) are 
incompatible. Therefore (a) and (b) cannot be satisfied with the same 
sequence {xn}, thus completing the proof of the theorem. 


THEOREM 5.2. The method (1.6) sums the sequence sv = (—1)’, 
v=0,1,2,---, to the value zero for all {xn}. 


Proof. Writing e*"t, = > (—1)’an’/v! = K(— zn), and applying (3. 8), 
v=0 


we obtain 


co 
tn = — an) "e-*dt = f u"e“du, 
0 


co In 
tp = ure“du + (—1)"(e-?#"/n!) 
0 


Using the fact that the maximum of the function we“ occurs at u=n, 


we have 
@n 
Tn = | e**y"e“du S e*“du 
e 0 « 0 
= _ 1) = o(1), ©. 


Therefore tn = 0(1), n—> 0, which was to be proved. 
Theorem 5. 2 shows that the method (1.6) is not included in convergence, 
for any sequence {zn}. 
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In the paper referred to in note 1, the problem was considered for Abel and related 
summability methods. 

See (i) M. Kac, “ Note on the partial sums of the exponential series,” Univ. Nac. 
Tucumdn, Revista A. 3 (1942), pp. 151-153, Mathematical Reviews, vol. 4 
(1943), p. 194; (ii) J. V. Uspensky, Introduction to Mathematical Probability, 
New York, 1937; (iii) Pélya and Szegé, Aufgaben und Lehrsatze aus der 
Analysis, Berlin, vol. 1 (1925), p. 80. 

R. G. Cooke, “ A note on lower semi-matrices,” Journal of the London Mathematical 
Society, vol. 14 (1939), pp. 154-157, has also considered the problem of analytic 
continuation with such triangular summability methods. 

For the definition of the Borel polygon, see (i) E. Borel, Legons sur les séries 
divergentes, Paris, 1928; (ii) Introduction to the Theory of Diwergent Series, 
lithoprinted lectures by O. Sz4sz, written by J. Barlaz, Ann Arbor, 1944. 

We took x, = 0(n) so that R, > 0 for all Clearly R, > 0 for certain even if 
is not o(n). 

See the books referred to in note 5. 

Referring back to note 6, we see that it is possible to have analytic continuation 
even if 2, is not o(m). However, the region would be smaller than the polygon. 

For literature concerning the application of Borel’s method to Fourier series, see 
(i) G. H. Hardy, “ Remarks on some points in the theory of divergent series,” 
Annals of Mathematics, vol. 36 (1935), pp. 167-181; (ii) G. H. Hardy and 
J. E. Littlewood, “Some new convergence criteria for Fourier series,” Annali 
della Scuola Normali di Pisa, vol. 3 (1934), pp. 43-62; ‘(iii) C. N. Moore, 
“On the application of Borel’s method to the summation of Fourier series,” 
Proceedings of the National Academy of Sciences, vol. 11 (1925), pp. 284-287; 
(iv) L. Lorch, “ The Lebesgue constants for Borel summability,” Duke Mathe- 
matical Journal, vol. 11 (1944), pp. 459-467. 
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TOPOLOGICAL RINGS.* 


By Irvine KAPLANSKY. 


1, Introduction. The paper consists of two sections which may, for 
the most part, be read independently. Part I is devoted mainly to the study 
of compact rings. We first give some preliminary results, including a sum- 
mary of Jacobson’s [11] theory of the radical in a form convenient for our 
use, some remarks on “Q-rings” (rings in which elements near zero are 
quasi-regular), and an abstract theory of boundedness. The structure theorems 
for compact rings are given in Theorems 14-20. A noteworthy feature is the 
extent to which compactness serves as a substitute for the classical chain 
conditions. 

In Part II the ring of continuous functions from a topological space X 
to a topological ring A is studied. When YX is totally disconnected, the 
theory of the maximal, prime, or primitive ideals can be worked out satis- 
factorily with mild restrictions on A. We also give a generalization of the 
classical case where A is the ring of real or of complex numbers. The paper 
concludes with a study of two subrings: the bounded functions and those 
vanishing at a point. 


PART I. The Structure of Compact Rings. 


2. Q-rings. By a topological ring A we shall mean an (associative) 
ring which is also a Hausdorff space, such that a— 6 and ab are continuous 
functions of a and b. The additional assumption of the continuity of the 
inverse, whenever it exists, will be considered below. 

In a metric ring there is associated with every element a real number | a | 
such that | 0 | —0,|a| 

ab|<=]|a||b6|. If in the last statement equality holds, we say that the 
ring has a valuation. Evidently a ring with valuation can have no divisors 
of zero. 

In A we introduce the operation o defined by zoy—=a2-+y-+2y. It is 
readily verified to be an associative operation with 0 acting as an identity 
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element. In general A does not form a group or even a semigroup under 0, 
for the cancellation law may fail. 

An element is said to be right quasi-regular (r.q.r.) if there exists an 
element y with coy = 0; the latter is a right quasi-inverse of z. Left quasi- 
inverses and quasi-regularity are similarly defined. As is well known for 
associative systems, if z has a right quasi-inverse y and a left quasi-inverse z, 
then y= 2z; we then call y the quasi-inverse of z and say that x is quasi- 
regular (q.r.). 

The following related result can be proved: if 7 has a unique right quasi- 
inverse y, then y is also a left quasi-inverse. For it follows from the identity 


wo(yor + y) = (roy) (2+ 2) 


that yor + y is a right quasi inverse of Hence yor+y=—~y, yor = 0. 
A right ideal is r.q.r. if it consists entirely of r.q.r. elements. The 


following lemma is useful. 
LemMA 1. If ais inar.q.r. ideal, and x is r.q.¥., then a+ ts r.q.. 


Proof. Suppose zoy=0. Since a+ ay is in the right ideal generated 
by a, we have (a-+ay)oz=0. The following identity then shows that yoz 
is a right quasi-inverse of a+ 2: 


(1) (a + 2)oyoz = (a + ay)oz + (roy) (1 +2). 


We define the radical R of A to be the (set-theoretic) join of all r. q.r. 
ideals. It follows readily from Lemma 1 that F is a right ideal. To prove 
that R is also a left ideal, we must show that bae R where ae R, be A, and 
for this it will suffice to prove that ba(c +7) is r.q.r. for any integer i and 
ce A. Let r—a(c+i) and let y be a right quasi-inverse of 2b. The 
identity 

(— ba — = — b(xboy)z 


shows that bz is r.q.r. 

A ring A whose radical is all of A is said to be a radical ring; one whose 
radical is 0 is semi-simple. 

For brevity we shall call a topological ring a Q,-ring if its r. q. r. elements 
form an open set. For rings with unity element this is equivalent to saying 
that the elements with right inverses form an open set. The following lemma 
provides a criterion which is often more convenient. 


LemMA 2. A ring which has a neighborhood of 0 consisting of r. q.t. 


elements is a Q,-ring. 
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Proof. Let x be any r.q.r. element and y a right quasi-inverse. By 
taking a sufficiently small we can be sure that a-+ay is r.q.r., say 
(a+ ay)oz—=0. Then by (1),a+ isr.q.r. Hence has a neighborhood 


consisting of r.q.r. elements. 


If the left q.r. elements are open we shall call the ring a Qi-ring, and 


if the q.r. elements are open, a Q-ring. It follows from Lemma 2 that a ring 
is a Q-ring if and only if it is both a Q:-ring and a Q,-ring. However I do not 
know of any Q,-ring which is not a Q-ring. 

The force of the hypothesis that a ring is a Q-ring can be assessed in part 
from the fact (Theorem 21) that a locally compact ring without divisors of 
zero is a Q-ring, and from the fact that any complete metric ring is a Q-ring. 
The last assertion follows from Lemma 2 and the following lemma. 


Lemma 3. Ina complete metric ring an element x with |a| < 1 is q.r. 


Proof. The series —x-+2*-—z*- +--+ (—a)"-+-- - converges say 
to y, and we have roy = yor = 0. 


Thus the condition that a ring be a Q-ring is somewhat related to its 
completeness. However completeness is neither necessary nor sufficient. 

(a) Example of a Q-ring which is not complete: the rationals under 
the ordinary topology. 

(b) Example of a complete (even compact) ring which is not a Q-ring: 
the Cartesian direct sum of an infinite number of finite fields. 

Let x’ denote the quasi-inverse of z, whenever this exists. A question of 
some importance is whether the function x7’ is continuous. We first note 
the following result. 


LemMA 4. In a Q-ring the quasi-inverse is continuous wherever defined 
if it 1s continuous at 0. 


Proof. Let U be any neighborhood of z’. There exists a neighborhood 
V of 0 such that ze V implies z’oz e¢ U, and a neighborhood W of 0 such that 
ae W implies that a + az’ has a quasi-inverse z in V. Then (1), with y—7z’, 
shows that the quasi-inverse of a+ 2 is 2’oz, and the latter lies in U. 


LemMA 5. The quasi-inverse is continuous in a complete metric ring. 


Proof. By Lemmas 3 and 4, it suffices to prove continuity at 0. Since 
x’ = 3(— 2)", we have that | «| < Min(1/2, «/2) implies | 2’ | <«. 


We shall show below (Theorem 22) that the quasi-inverse is also con- 
tinuous in a locally compact ring without divisors of 0. However to encompass 
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more general cases we shall in general assume the continuity of the quasi- 
inverse as an additional hypothesis. It is to be noted that in case the ring 
has a unity element, this axiom coincides with the assumption of the con- 
tinuity of the ordinary inverse, which has often been added to the axioms 


for a topological ring. 
With the aid of the foregoing axiom we can prove the following theorem. 


THEOREM 1. Jf A is a Q-ring with continuous quasi-inverse, and Ay is 
the ring of all n by n matrices with elements in A, then An ts a Q-ring. 


Proof. It is understood that the topology in An is that of the Cartesian 
product, i.e., if U is a neighborhood of 0 in A, then a neighborhood of 0 in A, 


consists of all matrices (ai;) with aijeU. 
For a matrix (a;;) with elements suitably near 0, we then seek a matrix 
(bij) with 
(2) aij + + Dd 0 (1,7 
k=1 


Keeping j temporarily fixed, this gives m equations for the n unknowns 
bij," - *,bnj. It is convenient to establish the existence of a solution of these 


equations by the following lemma. 


Lemma 6. If cij, di (1,7 =1,° are elements of a Q-ring within 
a sufficiently small neighborhood of 0, then the equations 


(3) tit = dj } 
j=1 


have a solution. 


Proof. Let c’ be the quasi-inverse of c,, (it exists if c,; is near enough 
to 0). We have c’o(a, + ¢:4,) =c’ + 2,. Then on applying c’o on the left 
of the first of the equations (3), we get an equation which is explicitly solved 
for z;. We substitute for z, in the remaining n—1 equations and obtain a 
system of equations of the same form as (3), with coefficients which are 
polynomials in the cij, di, and c’. By induction we may assume that these 
n—1 equations can be solved, provided their coefficients are sufficiently 
near 0, and this can be assured by taking the c’s and d’s sufficiently near 0. 
By virtue of our assumption of the continuity of the quasi-inverse, c’ will be 
near 0 along with ¢,:. 

Since the equations (2) are of the form (3), it follows from Lemma 6 
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that (2) can be solved for bi; provided (ai;) is near 0, and then the matrix 
(aij) has the right quasi-inverse (bi;). Hence An is a Q,-ring. Similarly 
An may be proved to be a Q:-ring, and therefore it is a Q-ring. 


Remark. If A is commutative, we can rearrange the above proof so as 
to avoid the assumption of the continuity of the quasi-inverse. The ordinary 
algebraic method of elimination would be available: multiply the first of 
equations (3) by ci, the i-th by 1-+ and subtract (1—2,---,n). 


3. The radical. 
the nature of the radical and in particular to whether it is closed. First 


We shall consider in this section questions related to 


we prove the following lemma.* 


LemMMA 7. Jf e is an idempotent in the Q,-ring A, and B is a right ideal 


dense in eA, then B=eA. 


Proof. B contains elements e + 2 with z arbitrarily small, say so small 
that reoy = 0. Left-multiplying by e and using er = 2, we obtain reoey = 0. 


Then 


(e+ y) =e+ reoey =e. 


Since e + ze = (e + x)ee B, we have ee B and B—eA. 

Let M be a maximal right ideal in a Q,-ring A which has a left unity 
element. Then the closure of M is either M or A. But in the latter case 
Lemma 7% implies that M@— A. The same argument works for a maximal 


ideal.2 We therefore obtain the following theorem. 


THEOREM 2. In a Q,-ring with left unity element the maximal (right) 


ideals are closed. 


Since * in a ring with left unity element the radical FR is the intersection 
of the maximal right ideals, Theorem 2 implies further that R is closed. 
This may be proved for Q,-rings without unity element. 


THEOREM 3. In a Q,-ring the radical ts closed. 


Proof. Let y be an element in the closure R of R. We can write 
with aceR and r.q.r. By Lemma 1, y is r.qg.r. Hence 
consists of r.q.r. elements, RC R, R= R. 


? Prof. Ambrose informs me that Lemma 7 fills in a slight gap in the proof of 
Theorem 4.3 of [1]. 

2“ Tdeal ” will always mean two-sided ideal. 

* (11, Th. 18, Cor. 2]. The proof given there actually makes use only of a left unity 
element. 
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THEOREM 4. If the r.q.r. elements are closed, then the radical is closed. 
Proof. Again R will consist of r.q.r. elements, whence & = R. 


Theorems 3 and 4 provide useful classes of rings with closed radicals. 
We shall now give an example of a ring with a radical which is not closed.‘ 


Let C be the set of all power series 


with real coefficients, such that =| a; | /i! converges. This sum is to be the 
norm of a, written || «||. Elements and are added and multiplied in 
the usual maaner for formal power series. It is readily verified that « +B 
and @@ are again elements of C and that we have || || || + || ||, 
|| Bl], and || !|@|| for a real. Next, C is 
complete. For let a; = (i= 1, 2,- - -) be a sequence of power series 
with || %m— om || —>0asm,n—> 0. We have | amj—anj |/j! S || — ||, 
and hence for fixed 7 the sequence @,;, @2;,: - - converges say to aj. The norms 
|| a; || are bounded, say by M. Then 


> | a; |/j! = lim | ag |/7! 

j=0 #00 j=0 
must also be bounded by M. Hence 3} a; |/j! converges, and the series 
@ isin C. Given suppose that || a—ap||<«¢ fori=p. Then 


||a—a,||<«. For if not, then for some n 


e< > | aj — ay; |/j! = lim |aij — ap; |/j!, 
j=0 j=0 


which is impossible. 

The ring C is a real normed ring in the sense of Gelfand [7]. We next 
show that its radical is the ideal (x), i.e., the set of all polynomials with 
constant term zero. Given any such power series 
with || @||—a, we have || || The series 
y=—2-+ a*—a'- - - converges since it is dominated by the series for e*, 
and we have yor == aoy=0. Thus every element in the ideal (2) is q.r., 
‘so that the radical contains (x). Moreover it is evident that no power series 
with a constant term different from zero can be in the radical. Hence the 
radical is (x). (We could also verify that || «"||?/"->0 and use Gelfand’s 


characterization of the radical.) 


“The ring C was constructed in conversation with H. Rubin. 
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Now let D be the set of all sequences X = (41, @, %3,° - *) of elements 
of C with the property that || %n || increases no faster than a polynomial in n. 


Formally: for some k (depending on X) and all nm we have || on || < n*. 


Elements of D are to be added and multiplied component-wise, and the 


topology is that of point-wise convergence. It is evident that D is a topological 


ring. 


We define a sequence Y» of elements of D by 


Y, = (z, - 


These elements approach the element Y e D which has nz in the n-th com- 
ponent for all n. Each Y~» is clearly in the radical of D; but Y is not 


for it is not even quasi-regular. Its quasi-inverse would have to be an 


element Z = with Bn the quasi-inverse of nz. But 
Bn =— nx + — - so that || Bn || = e"— 1. Hence Z is not in D. 


Thus the radical elements Yn approach an element not in the radical; the 


radical of D is not closed. 


To conclude this section we shall note some generalizations of theorems 


which are well known in the discrete case. 


LeMMA 8. I/f in a Q,-ring the set {x + ax}, for fixed a and variable x, 


is dense, then a is r.q.T. 


Proof. We have x+ ar = —a-+ y with y arbitrarily small. Hence we 
may take y r.q.r., say yor == 0. Then aoroz = yoz = 0. 


THEOREM 5. A Q,-ring with no proper closed right ideals ts etther a 


radical ring or a division ring. 


Proof. By 
Lemma 8 the right ideal {a + ar} cannot be dense in A. Hence x + ar—0 
for all and —a is a left unity element. Take a maximal right ideal M in A. 
If M=£0, M is both dense in A and closed by Theorem 2, a contradiction. 
Hence A has no proper right ideals at all. Such a ring is known to be a 


If A is not a radical ring, suppose that a is not r.q.r. 


division ring. 
We remark that the hypothesis that A is a Q,-ring cannot be dropped in 
Theorem 5. An example is furnished by the ring of all rational numbers 
which can be written in the form ap" with a an integer prime to p and n 
any integer, under the p-adic topology. This ring has no proper closed ideals ‘ 


but it is not a field. 
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THEOREM 6. If a Q,-ring has no proper closed ideals, its center is 
either a radical ring or a field. 


Proof. 
It follows, as in the proof of Theorem 5, that —a is a unity element 1. 
Now for any 60 in the center, bA is dense, so that be =1+ y with 
yoz = 0, +2) —1, whence the center is a field. 


Suppose that the center contains an element a which is not q. r. 


If an element a in the center is q.r., then its (unique) quasi-inverse 
is also in the center. For zoa=aox for every x, and applying 0b left and 
right we obtain bor = xob whence 0 is in the center. It follows that if the 


center consists of q. r. elements, it is a radical ring. 


4. Boundedness. Following Shafarevich [16] we shall say that a subset 
S of a topological ring A is right bounded if for any neighborhood U of 9 
there exists a neighborhood V such that V-SCU.® Left boundedness is 
similarly defined, and a set is bounded if it is both left and right bounded. 
We shall further say that A is locally (right) bounded if there exists in A an 
open set which is (right) bounded. 

It is evident that a ring which has a neighborhood system consisting of 
(right) ideals is (right) bounded. This remark suggests the following 
example of a right bounded ring which is not left bounded: the ring of infinite 
matrices over a field having only a finite number of non-zero elements in each 
row, under the finite topology (a neighborhood of 0 consists of all matrices 
with first n rows 0). This ring is right bounded but not left bounded; in 
fact it is not even locally left bounded. 

It is not true conversely that a bounded ring has ideal neighborhoods 
of 0; for a counter-example take any connected abelian group and make it a 
ring by defining all products to be 0. We can however prove the following 


partial converse. 


LemMa 9. If a (right) bounded ring has a system of group neighbor- 
hoods of 0, then it has a system of (right) ideal neighborhoods of 0. 


Proof. Suppose that A is right bounded. Given a neighborhood JU, let 
V be a group neighborhood with V + V CU, and W a group neighborhood 
with WC V, WAC V. Then W-+ WA is an open right ideal contained in 
U. If A is bounded we use a similar argument for W + WA + AW + WAW. 


5 We use A-B to mean the set of all products ab, AB to mean the set of all sums 
of such products. 
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In case A is a metric ring, boundedness with respect to the metric implies 
boundedness as we have defined it, but not necessarily conversely: take the 
reals with all products equal to 0. However in a ring with a valuation the 
two notions coincide. 

We list some further properties of boundedness which may be readily 
verified by the reader. 


(1) Any discrete ring is bounded. 

(2) Any subset of a bounded set is bounded. 

(3) The closure of a bounded set is bounded. 

(4) Any convergent sequence is bounded. 

(5) The set-theoretic union of a finite number. of bounded sets is 
bounded. 

(6) If S and 7 are bounded, so are S+ T and S-T. 

(7) If a;—-0 and {b;} is bounded, then aibi— 0. 


(8) The Cartesian sum of bounded rings is bounded. 


The concept of boundedness derives much of its importance from the 
following result. 


LEMMA 10. Any compact set is bounded. 


Proof. Given a neighborhood U and any point x in the compact set K, we 
may find neighborhoods V(x), W(a) of « and 0 such that V(x) - W(x) CU. 
A finite number of the V’s cover K and if X is the intersection of the corres- 
ponding W’s we have KX CU. 

We shall now prove several theorems concerning bounded rings. It of 
course follows from Lemma 10 that these results extend at once to compact 
rings. 


THEOREM 7. The radical of a right bounded @,-ring is open. 


Proof. Let U be a neighborhood of 0 consisting of r.q.r. elements, and 


V aneighborhood with V- ACU. Then for ze V and any ae A, za is r. q.F. 


Hence V is contained in the radical of A, which is therefore open. 
Corottary 1. A right bounded semi-simple Q,-ring is discrete. 
CoROLLARY 2. A compact semi-simple Q,-ring is finite. 


THEOREM 8.° Jf C is the component of 0 in a right bounded locally 
compact ring A, then CA =0. 


* This generalizes a result given by Otobe [14]. 
11 
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Proof. For any fixed element f in the character group of A, let I(f) 
denote the set of all ae A with f(aA) —0. We show that J(f) is open. 
Choose neighborhoods U, V with f(U) < 1/2, V-ACU. Then for re V 
we have nrAeU for all integers n and hence f(nza) = nf(ra) < 1/2 for 
allae A. It follows that f(va) =0, xe l(f), and I(f) is open. Since J(f) 
is a group, it is also closed. We then have CC /(f), f(CA) =0 for all f, 
'A = 0. 


whence ( 


THEOREM 9. A locally compact bounded -ring with no proper closed 


ideals is discrete. 


The component of 0 in the given ring A is a closed ideal which 


Proof. 
must be either 0 or A. Hence A is either connected or totally disconnected. 


In the latter case it has group neighborhoods [13, 450], hence by Lemma 9 


ideal neighborhoods of 0. This is possible only if A is discrete. 
If A is connected, then by Theorem 8 we have A* = 0; in effect A is a 


connected locally compact abelian group with no proper closed subgroups. 
It follows [18, 110] that A is compact. But then the character group is 
discrete and has no proper subgroups at all; it must be finite which means 
that A is finite. 

The theorem [9, Lemma 1] that a compact field is finite may now be 


generalized as follows. 


COROLLARY. A compact ring with no proper closed ideals is finite. 


Still another generalization is the following theorem. 


THEOREM 10. A right bounded division ring is discrete. 


In a division ring A we have le U- A for any U ~0. Hence A 


Proof. 


can be right bounded only if it is discrete. 


5. Compact semi-simple rings. We shall say that an element z is 
nilpotent if z"—>0. (In the present context there will be no confusion with 


purely algebraic nilpotence which of course corresponds to the discrete case.) 


A ring is a nil-ring if all its elements are nilpotent, and it is nilpotent if for 
any neighborhood U of 0 there exists NV such that RC U for n> WN. 

A nilpotent ideal is not necessarily in the radical: in the ring of integers 
under the p-adic topology the radical is 0, but the ideal (p) is nilpotent. 
However under suitable further assumptions the result is true. 


THEOREM 11. In a Q,-ring, if a subsequence of {x"} approaches 0, then 
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Proof. For some large n we have (—2)” r.q.1., say (—2)"oy =0. 
Set [— 2?— (—2)""Joy. Then roz = (—2x)"0y = 0. 


CoroLLary. Jn a Q,-ring the radical contains all nil right ideals. 


THEOREM 12. Jf xe"-—>0 in a complete ring with group neighborhoods 


of 0, then x is 


Proof. ‘The series — a+ #*—a*+-- - - converges and, as in the proof 


of Lemma 3, its sum is a quasi-inverse of 2. 


CoroLLary. In a complete ring with group neighborhoods of 0, the 


radical contains all nil right or left ideals. 


For compact rings it is possible to say a good deal more. We first prove 


that the radical is closed. 
THEOREM 13. Jn a compact ring the r.q.r. elements are closed. 


Proof. Suppose that z is not r.q.r., i.e., for all y, zoy40. We can 
find neighborhoods Us, Vy of x and y such that 0¢ U,oV,. A finite number 
of the V,’s cover the ring. If U is the intersection of the corresponding U.’s, 
then U is a neighborhood of z which contains no r. q. r. elements. 

From Theorem 4 we obtain the desired corollary. 


CoroLttaRy. The radical of a compact ring is closed. 


THEOREM 14. The radical R of a compact totally disconnected ring A 
1s nilpotent. 


Proof. Let B be an ideal neighborhood of 0. Since a homomorphism 
preserves quasi-regularity, the radical of A — B contains all r+ B with re R. 
Also, since A — B is finite its radical is nilpotent. Hence for large n we 
have R" C B, as desired. 

Because of the lack of group neighborhoods of 0, for a general compact 
ring we can only make the following weaker assertion. 


THEOREM 15. For any neighborhood U of 0 in a compact ring there 
exists N such that R-R----+-*R (n factors) CU forn>N. 


Proof. Let C be the component of 0, and V a neighborhood with 
V-VCU. The radical R—C of A—C is nilpotent, whence R™ C V + C 
say for m = M, and we need only take N = 2M. 

Combining Theorems 12 and 15 we obtain the following result. 
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Corotuary. In a compact ring the radical is the union of all nil right 
and left ideals. 


For later use we now prove the following lemma. 


LEMMA 11. Ina ring A with the descending chain condition on left 
ideals, the radical R contains the intersection of the maximal two-sided ideals. 


Proof. The ring A—R is a semi-simple ring with descending chain 
condition, and so the intersection of its maximal ideals is 0. Suppose a¢ RP; 
then there exists in A— RF a maximal ideal M not containing a+ PR. The 
inverse image in A of M is a maximal ideal not containing a. 

We now prove the following conclusive structure theorem. 


THEOREM 16. A compact semi-simple ring is isomorphic and homeo- 
morphic to a Cartesian direct sum of finite simple rings 


Proof. If C is the-component of 0 in our ring A, we have C* = 0 by 
Theorem 8. Since A is semi-simple, C0 and A is totally disconnected. 
By Lemma 9, A has ideal neighborhoods of 0. For such an open ideal B, 
A—B is compact and discrete and hence finite, and so contains an open 
maximal ideal whose inverse image in A is likewise an open maximal ideal, 

Having thus proved the existence of open maximal ideals, we next show 
that the intersection of all of them is 0. Suppose on the contrary that 
a= 0 is in every open maximal ideal; the same will be true of az for any 2. 
Take an open ideal B. In A —B, the coset az + B will lie in every maximal 
ideal and so, by Lemma 11, will be nilpotent. We thus have (ar)"e B for 
large n. By Theorem 12, a is in the radical of A, a contradiction. 

Choose a fixed well-ordering {M)} of the open maximal ideals. We select 
a subset as follows. Take N; —M,, and, having chosen Np for p < A, take 
N) to be the first M not containing the intersection of a finite number of 
previously selected V’s. When the process concludes we evidently have a meet- 
independent [2, 64] set {N,} with intersection 0. It is immediate that we 
have a one-one representation of A as a subring of the direct sum of the 


rings A—N). Moreover the mapping is continuous: a neighborhood of 0 
in the direct sum consists of all elements having 0 at a finite number of places, 
and the intersection of the corresponding maximal ideals is an open set 


mapping into it. 

For any finite number of N’s we have [2, Th. 3.21] that 
A— -* Ni,) is the direct sum of -,A—Ni,. Hence 
in the representation of A any finite combination of coordinates occurs, i. ¢., 
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we have a dense subring of the direct sum. But the continuous image of a 
compact set is closed; hence we have the full direct sum. Since both spaces 
are compact, the mapping is also continuous in the reverse direction. Finally 
each A— JN) is certainly a finite ring with no proper ideals; it must be 
simple for if it were a zero ring A would not be semi-simple. 


Remarks. 1. In the light of the revealed structure of A it is apparent 
that the N’s are in fact the only open (or for that matter closed) maximal 
ideals in A. Thus the process of selecting the N’s from the M’s can be seen 
in retrospect to have been vacuous. 


The following are fairly direct corollaries of Theorem 16. 
2. A compact semi-simple ring has a unity element. 


3. A compact semi-simple ring which has the ascending chain condi- 
tion on closed ideals, or the descending condition on open ideals, is finite. 


4. In a compact ring left and right quasi-inverses coincide (for this is 
true in any ring if it is true modulo the radical). 


5. In a compact ring with unity,element the radical is the intersection 
of the open maximal ideals. 


6. A compact semi-simple ring satisfying the second axiom of count- 
ability is the direct sum of a countable number of finite simple rings. 


A 


A compact primitive ring (in the sense of Jacobson [11]) is finite. 


6. Compact rings with radical. Since a finite simple ring is a matrix 
ring over a finite field, Theorem 16 assures us that a compact semi-simple ring 
has an ample supply of idempotents. We now require a device for transferring 
these idempotents to a ring with radical. 


LEMMA 12. Let A be a compact ring, B a nilpotent ideal in A, and H 
the homomorphism from A to A—B. Suppose that in A—B we have 
a well-ordered set of idempotents {fp} such that fafp—fefa—=fa for 


a= B, and for d a limit ordinal, f, =lim fp. Then there exists in A a set 
p<a 
of idempotents {Fp} with HFp and FaFg= =F. for «SB. 


Proof. Suppose that Fp has been found with the desired properties for 
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Case I. A not a limit ordinal. Let c be any element with Hc =f). 
Define 
=c— cFy., — Fy..¢ + FyicFy-1. 
Then 


(4) = Fat, — i). 


Define inductively = — Then 
(5) — = 4( — — 3 (Cn? —Cn)*. 


We have H(c,?—c,) = 0, i.e., eB; by induction it follows from 
(5) that cn*—cne B”. Let d be a limit point of {cn}; then d is an idem- 
potent and moreover, since each c, shares properties (4) with c:, so does d. 
On taking Ff, = F)_, + d we successfully continue the induction. 


Case II. A a limit ordinal. Let Fy be a limit point of Fp (p< A). 
By continuity HF), =f, and FoF) = /)\Fa = Fa. for « =A, as desired. 

We shall define a ring to be (completely) primary if it has a unity 
element, and modulo its radical is simple (a division ring). It is to be 
observed that for commutative rings the two notions coincide. We can prove 


the following structure theorem.’ 


THEOREM 17. A commutative compact ring is the Cartesian direct sum 


of a radical ring and primary rings. 


Proof. Let A be the compact ring, # its radical, C the component of 0. 
We have that C? —0 (Theorem 8) and the radical R —C of A —C is nil- 
potent (Theorem 14). By two successive applications of Lemma 12 we find 
in A an idempotent e mapping on the unity element of A—R. The Pierce 
decomposition relative to e expresses A as the direct sum of a radical ring and 
a ring with unity element. Our further discussion may therefore be confined 
to the latter, i.e., we assume that A has a unity element and is therefore 
totally disconnected. 

The ring A—R is a direct sum of fields, say with generating idem- 
potents {ep}. Define fy— ep, apply Lemma 12, and finally define 

p<r 


FE, = F),,—F). The £’s form a set of mutually orthogonal idempotents, 


* For rings with ascending chain condition, an analogous theorem has been given 
by v. Dantzig [4, 213]. Jacobson’s theorem [10, 442] that a compact ring is a direct 
sum of p-rings is both more and less general, since the ring need not be commutative 


while on the other hand p-rings are in general not primary. 
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and each AF) is a compact primary ring. The correspondence a— {aE} 
maps A into the direct sum of the AH’s. It is a one-one correspondence, since 
an element which annihilates each / also annihilates each Fy, and hence 
also the final # which is 1. The mapping is continuous, for if the directed 
set {da} converges to a, then dge converges to ae for any element e. Any 
finite combination of coordinates arises; hence we get the full direct sum. 
Finally since both spaces are compact, the mapping is continuous in the 
reverse direction. 

It is well known that Theorem 17 is not valid for non-commutative rings, 
even in the discrete case. One must be content with a decomposition into 
left ideals, or into an additive direct sum of primary rings [5, 16-18]. 
Analogues of these two decompositions can be proved without difficulty for 
compact rings. It is also possible to prove the following theorem.® | 


THEOREM 18. A compact primary ring is a matrix ring over a compacl 
completely primary ring. 
We require the following lemma.’ 


LeMMA 13. Let e be an idempotent in a compact ring A with radical R. 
Then eRe is the radical of eAe. 


Proof. In any ring we always have that eRe is contained in the radical 
of eAe. For given re eRe, we need only show that for any a, rae is r.q. Tr. 
in eAe. But if (rae)ob =0, then (rae)o(ebe) = 0. 

Conversely efe is a nil ideal which by Theorem 15 is contained in the 
radical of eAe. 


Proof of Theorem 18. Let A be the ring, FR its radical ; A — FR is a matrix 
ring over a finite field, say with matric units ej; (1,7 —1,--:-,n). By 
Lemma 12, we have in A orthogonal idempotents /;,- --,#n mapping on 
€11,° Cnn. 

We next show that there exist elements a, be€ A such that ak,b = E,. 
The proof of this merely requires a re-examination of the construction used 
in Lemma 12. Let x, y be any elements mapping on éj1, @:« respectively. 
If necessary we can replace 2 by Eix, y by yEi, and so we may assume Liz = gz, 


*Our proof is actually valid for any complete topological ring whose radical is 
nilpotent, and which modulo the radical is a simple ring with minimum condition. 

®Lemma 13 will hold under any hypothesis which assures us that the radicals of 
A and eAe are the union of all nil-ideals, for example A may be a normed ring. 
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yE;=y. We take xE,y to be the c, of Lemma 12. Then cz = 3c,? — 2c,° 
= ,y, where y2= (3— and in general 2H yyn. Now 
Cn approaches an idempotent £, and if b is a limit point of {yn}, we have 
Evidently bE; = 6 and so FE; = E,E=E. Also E and both 
map on Hence — is an idempotent contained in R, whence = 

Now with = define Fi, —ak,, = Then 
Also is an idempotent mapping on and is 
invariant under multiplication by Z;. Hence £y,;£i,—,. It then follows 

Consider the right ideal F,A. The mapping a— az gives for every ze A 
an endomorphism of £,A. The correspondence is one-one, for if H,Ax = 0, then 
= 0 and = 0, since 1 En. Let T be an endomorphism of 
E,A commuting with all these right multiplications, i. e., = (E,ar)T 
for all a and Then say. Also 
= (£,T)a = (#,bE,)(F,a); in short, T is a left multiplication by an 
element in 


We now regard £,A as a left vector space over #,AL;. It is easy to see 


that F,, Fy,..- - -, Hin form a basis for this vector space; for 
Kia = E,a: = 


while Sa: #,; = 0 implies = 0 on right multiplication by £i;. 

We have represented A as a set of endomorphisms on this vector space. 
We get all endomorphisms, since £;; sends /,; into £,; and the other basis 
elements into zero. By Lemma 13, #,AF, is completely primary and since 
it is closed it is also compact. 

It remains finally to identify the topology of A with that of the matrix 
ring. A neighborhood U of 0 in the latter consists of matrices with elements 
in a neighborhood V of 0 in £,AH#,. Take a neighborhood W in A such that 
E,;xE;,eV for all i, j and all ee W. Then the matrix representing z will 
liein U. This proves continuity of the mapping one way; the reverse direction 
follows since both spaces are compact. 

We can also establish the following result. 


THEOREM 19. A compact ring with no divisors of zero is either a radical 
ring or completely primary. 

Proof. In a ring with no divisors of zero there is at most one idem- 
potent—the unity element. It follows from Lemma 12 that the ring modulo 
its radical is either zero or a division ring. 
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A commutative primary ring has a radical consisting precisely of all 


non-units, and will thus be a local ring if the ascending chain condition is 
fulfilled. We shall now give an alternative sufficient condition for this purpose. 


THEOREM 20. Let A be a compact commutative primary ring with 
radical R. If R* is open, then A is a local ring and has the latter's natural 
topology. 


Proof. The ring k — R* is compact and discrete and hence finite. Let 
be any representatives in R of these cosets, and let B = an). 
Clearly BC R; we assert that R= B. Any element in RF is expressible as a 
sum of elements in B and R*, and more generally one in R* as a sum of 
elements in R**B and R**. Since for any neighborhood U, R"C U for 

large n, it follows that re R can be written r= > ri with r; in R*B., Write 
i=1 

= (cij © R*) and we see that converges say to = Sc;'aje B. 

We have thus shown that F has a finite basis. It now follows from a 
result due to Cohen [3, Th. 3] that A is a local ring. Since the residue class 
field is finite, A is compact in the local ring topology (this topology is defined 
by taking {R"} to be a system of neighborhoods of 0). The mapping 


A (local ring topology) — A (original topology ) 


is continuous since any neighborhood of 0 contains some R". Since 4 is 
compact in both topologies, the mapping is a homeomorphism. 

We shall now give an example of a compact integral domain which is 
not a local ring. Let Am (m=1,2,° - - ) denote the ring of all formal power 
series in 2," * *, 2m With coefficients in some finite field. For m < n there is 
a natural homeomorphism Omn of An into Am obtained by simply suppressing 
the variables Relative to the projections @nn, {Am} forms an 
inverse system [6, § 20]. Each Am is a compact integral domain and so the 
limit ring is again a compact integral domain. However A is not a local 
ring since, for example, (2, 22) © (a1, C- is an ascending 
chain of ideals. It may also be observed that #* is not open since any neigh- 
borhood of 0 contains 2» ¢ R? for large n. 

We shall conclude this section with some remarks on locally compact 


rings. 


LemMA 14. A locally compact ring without divisors of zero is either 
connected or totally disconnected. 
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Prov}. Let C be the component of 0. C is a locally compact connected 
ring without divisors of zero, hence [9] C is either 0 or a division algebra 
over the reals. In the latter event let 1 be the unity element of C. Then for 
any a€A,l-a=ceC. But then 1(a—c) —0,a—c. 


LemMA 15. Let x be an element in a ring with the second axiom of 
countability and without divisors of zero such that the closure of {x"} is 
compact. Then either 2"—>0 or {x"} has a subsequence approaching 1. 


Proof. Suppose x") -—»a~0. A subsequence of {x ap. 


proaches y and aya. Then for any z, a(yz—z)=0. If a0, yz=z 


and similarly zy =z, y= 1. 


LemMA 16. In a locally compact ring with the second axiom of count- 
ability and without divisors of zero there exists a neighborhood of 0 consisting 


of nilpotent elements. 


Proof. Let U be a compact neighborhood of 0; if A has a.unity element 1 
we may assume 1¢U. Let V be a neighborhood of 0 with VC U, VUCU. 
Then for ze V,2"eU. By Lemma 15, 0. 


LemMMA 17. For a locally compact totally disconnected ring A with the 
second axiom of countability the following three statements are equivalent: 

(1) Q-ring, 

(2) <A is a Q,-ring, 


(3) <A has a neighborhood of 0 consisting of nilpotent elements. 


Proof. That (1) implies (2) is obvious, and that (3) implies (1) follows 
from Theorem 14. To prove that (2) implies (3) we proceed as in Lemma 15. 
When we reach aya we may assume that —y is r.q.r., say —yoz = 0. 


Left-multiplying by a, we obtain ay 0, a= 0. 
THEOREM 21. A locally compact ring with the second axiom of count- 
ability and without divisors of zero is a @-ring. 


Proof. If A is connected it is a division ring, and any division ring 
1 is the only element which is not q.r. If A is totally 


is a Q-ring since 
disconnected, the theorem follows from Lemmas 16 and 17. 
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For the case of a division ring the following result was proved by 
Otobe [15].*° 


THEOREM 22. In a locally compact ring with the second axiom of 
countability and without divisors of zero the quasi-inverse is continuous. 


Proof. This is true for the reals, complexes, or quaternions, so we assume 
that A is totally disconnected. By Lemma 4 and Theorem 21 it suffices to 
prove continuity at 0. By taking « in the neighborhood V of the proof of 
Lemma 16, we have that its quasi-inverse — z+ 2?-—2°- - - is in U. 


‘ PART II. Rings of Functions. 


7. Functions on totally disconnected spaces. Let C(X,A) denote 
the ring of continuous functions from a topological space X to a topological 
ring A. We shall consider three ways of topologizing C'(X, A), listed in order 


of increasing strength: 


p: pointwise convergence, 
k: uniform convergence on compact subsets of X, 


wu: uniform convergence on all of X. 


Of course p and & coincide if 8 is discrete, and k and wu coincide if X is 
compact. When desirable we shall indicate the choice of topology by the 
notation C(X, A, p), ete. 

Some elementary facts about C(X,A) are assembled in the following 
theorem. 


‘ 


THEOREM 23. Suppose that the quasi-inverse in A is continuous where 
defined. C(X,A) can be a Q-ring only if A is a Q-ring, and if the latter is, 
so is C(X,A,u) but not in general C(X,A,p ork). The radico! of C(X, A) 
is C(X,R) where R is the radical of A; it is closed under the p-topology 
(or any stronger topology) if and only if R is closed. C(X,A,u) is complete 
if and only if A is. If X is locally compact, C(X,A,k) 1s also complete. 


©The elements with quasi-inverses form a group under o which is complete in a 
suitable metric. Hence Theorem 22 can also be derived from a result due to Mont- 
gomery: “Continuity in topological groups,” Bulletin of the American Mathematical 
Society, vol. 42 (1936), pp. 879-882. (I am indebted to the referee for this remark.) 
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Proof. Let fe C(X,A) be such that f(x) is q.r. for all There is a 
unique function g with f(x)og(x) =0 for all z. By the continuity of the 
quasi-inverse, g is continuous. It follows that if A is a Q-ring, so also is 
C(X,A,u). Under the p- or k-topology, neighborhoods of 0 will in general 
contain functions which assume values not q. r. 

We leave to the reader the remainder of the proof of Theorem 23. 

The connection between the structure of C(X,A) and that of X and A 
has been widely studied for the case where A is the reals or complexes [8], 
and for the case where X is totally disconnected and A is the field of integers 
mod 2 [17], or more generally a discrete division ring [12]. We shall proceed 
to study the case where X is totally disconnected under less restrictive assump- 
tions on A; however we shall assume that A has a unity element. 

We shall use the following terminology suggested by E. Hewitt: an ideal 
I in C(X,A) is free if for every «eX there exists fel with f(r) =1; 


otherwise J is fixed. 


THEOREM 24. If X is totally disconnected and compact and A is a 
Q-ring with unit and inverse continuous where defined, then every proper 
right ideal in C(X,A) is fixed. A maximal (right or two-sided) ideal M 
has the following form: for some xe X and maximal right or two-sided ideal 
N in A, M consists of all f with f(x) e N. 


Proof. Suppose that / is a free right ideal, and let feZ be a function 
with f(z) =1. Ina suitable neighborhood U, of x, which we may take to be 
open and closed, we have that f* exists. Define a function g as follows: 
g=f" in Uz and is 0 otherwise. The function g is continuous and so 
h =fgeTI; h is the characteristic function of Uz. A finite number of the 
U’s cover X ; by taking intersections and reselecting the corresponding h’s, we 
may suppose that we have disjoint open and closed sets Ui,- - -, Un covering 
X, with characteristic functions h,,- --,hn in J. Then hi 
is also in J and I—C(X,A). The final statement of the theorem follows 
from the fact that quite generally any fixed maximal ideal has the designated 


form. 


THEOREM 25. Suppose that C(X,A) is isomorphic to C(X,, Ai) where 
X, X; are totally disconnected and compact and A, A, are Q-rings with unit 
elements. Then for any maximal ideal N in A there exists a maximal tdeal 
N, in A; such that A— N and A, — WN, are isomorphic. If A, A; are simple, 
then they are isomorphic and X, X, are homeomorphic. 


i 
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Proof. Take a point xe X and construct the maximal ideal M of func- 
tions f with f(z)eN. Let M, be the corresponding maximal ideal in 
U(X1, Ai). By Theorem 24 there exists in A; a maximal ideal N, such that 
A—N=C(X, A) —M =C(X, —M, = — Mi. 

If A, A, are simple, then VN = N, = 0, so that A = A;. Moreover there 
is a one-one correspondence between points of X and maximal ideals in“. 
If we introduce the Stone topology into the latter, we verify by well known 
methods that the correspondence is a homeomorphism (see for example [8]). 

Theorem 25 can be interpreted as saying that when XY is compact and 
totally disconnected and A is simple, the algebraic properties of C(X, A) 
characterize X completely. This is no longer true if the hypothesis of com- 
pactness is dropped; However we shall now show that the algebraic and 
topological properties of C(X, A,k) together do characterize XY. At the same 
time we are able to weaken slightly the hypothesis on A. 


THEOREM 26. Let X be totally disconnected. Any closed (right) ideal 
I in C(X,A,k) has the following form: for every xe X a closed (right) 
ideal J(x) in A is prescribed and I consists of all functions f with f(x) ¢ J (x) 
for all z. 


Proof. Define K(x) to be the set of values in A assumed at 2 by functions 
in J and let J(x) be the closure of K(x). Let f be a function with f(z) e J(x) 
for every x; we shall show that fe Z. Take a neighborhood of 0 in C(X, A,k), 
consisting say of all functions mapping a compact set K into a neighborhood 
U of 0 in A. For any K there is a function geJ with g(r) —f(z) U, 
and this will extend to an open and closed neighborhood Uz of z We may 
assume that g vanishes outside U,. <A finite number of the U’s cover K; we 
may assume them non-overlapping. The sum heT of the corresponding g’s 
then has the property that h(x) — f(z) e U for all x in K. Hence J contains 
functions arbitrarily close to f, and since it is closed it must contain f. 


Corotnary 1. If in addition A has no proper closed ideals, then any 
closed ideal in C(X,A,k) consists of all functions vanishing on some (neces- 
sarily closed) set of X. In particular a closed maximal ideal consists of all 


functions vanishing at a point. 


Corotnary 2. Let X, X, be totally disconnected spaces and A, A, rings 
with no proper closed ideals such that C(X,A,k) is isomorphic and homeo- 
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morphic to C(X,,Ai,k). Then A, A; are isomorphic and homeomorphic, 
and X, X, are homeomorphic. 

Suppose that the maximal right ideals in A are closed (this is true by 
Theorem 2 if A is a Q,-ring) ; their intersection is the radical R of A. It 
follows readily from Theorems 23 and 26 that the intersection of the closed 
maximal right ideals of C(X,A,k) already gives the radical of that ring. 
This is not true for all rings, since in 3 we gave an example of a ring with 
non-closed radical. 

It is natural to ask: what about the free maximal ideals? For locally 


compact spaces we can give the following result. 


THEOREM 27. Let X be a locally compact totally disconnected space 
and A a Q-ring with unit; and let F consist of all fe C(X,A) such that the 
closure of the set of points x for which f(x) ¢ R (the radical of A) is compact. 
Then a maximal right ideal in C(X,A) is free if and only if it contains F. 


Proof. The ideal F is itself free; indeed it is easy to see that it is dense 
in C(X,A,k). Thus any ideal containing / is free. Conversely suppose that 
M is a free maximal right ideal and that fe F; we show that fe M. The 
set of points x where f(x) ¢ R can be embedded (since X is locally compact) 
in an open compact set K. The function g, defined by g(x) =0 in K and 
g(x) =f (x) outside K, lies in the radical of C(X,A); hence ge M. Thus 
to prove fe M it will suffice to prove that f—geWM, and for this it will in 
turn suffice to prove ke M, where k is the characteristic function of K ; this 
last fact follows from Theorem 24. 

Theorem 27 shows that the intersection of the free maximal right ideals 
contains #’. Whether or not it is equal to F is an open question. A partial 
affirmative answer is afforded by the following result. 


THEOREM 28. With the same hypothesis as in Theorem 27%, suppose 
further that either X or A is discrete. Then F is the intersection of the free 
maximal right ideals of C(X, A). 


Proof. Suppose that on the contrary there exists a function f not in F 
but in every free maximal right ideal. For any ae A we shall denote by f(a) 
the set of re X with f(x) =a. By virtue of our assumption that either XY 
or A is discrete, f*(a) is open and closed. We define two further functions g 
and h, distinguishing two cases. 


I. aeR, the radical of A. Set g(x) =0, h(x) —1 for xef(a). 
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II. ag R. Then there exists a maximal right ideal N in A which with 
a generates A, i. e., there exist elements b, c with ab + c 1, and such that ¢ 
does not have a right inverse. We set g(x) =b, h(x) =c for re f“(a). 

The method of definition assures us that g and h are continuous functions 
and that fg +h —1. 

We show next that / is contained in some free maximal right ideal. For 
this, by Theorem 27, it will suffice to prove that h and F generate a proper 
ideal. Suppose the contrary: then there exist functions p, g, with qe F, such 
that hp-+q—1. Let P denote the set of points where 1— q fails to have 
an inverse. By the definition of F’, the closure of P is compact. Hence the 


set P’ of points where h fails to have a right inverse has compact closure. 
By the definition of h, P’ includes all x such that f(x) ¢R. Hence the 
points x where f(a) ¢ R have compact closure, and f € /’, a contradiction. 


It must then be the case that f and h together generate a proper right 


ideal, an absurdity in view of fg +A =—1. 


8. Prime ideals. Let P be a prime ideal in C(X,A). It is assumed 
that X is totally disconnected. For every eX, the values assumed by 
functions of P at « form an ideal [(2). We assert that, with the exception 
of at most one point, we must have /(2) =A. For suppose that at the 
point z and y the values a and b respectively are excluded. We surround x 
by an open and closed set U excluding y, and form functions f, g equal to a, 
b on U and the complement of U respectively, and zero otherwise. Then 
fg =0 so that either f or g is in P, a contradiction. In case A is simple, this 
result may be restated as follows: a prime ideal can have at most one zero. 
If X is compact, P has precisely one zero, as follows from Theorem 24, 

In our further investigation we make the following three assumptions 
on A: 


(1) A has no divisors of 0, 
(2) division where possible is continuous, 


(3) for any ae A there exists a neighborhood of 0 consisting of right 
multiples of a. 

(Examples of rings satisfying these postulates: any division ring, any 
discrete ring with no divisors of zero, the ring of p-adic integers, etc.) 


It can be proved from these axioms that the closure Q’ of a prime ideal 
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Q in A is prime. For suppose abe Q” with neither a nor b in Q’. A suffi- 
ciently small neighborhood of ab consists of right multiples of a; thus there 
exist elements ace Q arbitrarily near to ab. Since ag Q, we have ce Q. By 
continuity of division, any neighborhood of 6b contains an element of (. 
Hence Q’, a contradiction. 

Let P again be a prime ideal in C'(X, A), and suppose that at the point 
x it takes on the values of a proper ideal J. We assert that I is a prime ideal. 
Suppose f(z) =abel. In a small open and closed neighborhood U, f will 
continue to be a right multiple of a, and the quotient by our assumption is 
continuous. Let g =a on U and 1 on the complement; h —a™“f on U and f 
on the complement. Then gheP, so that either g or h is in P, whence 
either a or 6 is in J. 

By Theorem 26 the closure of P in C(X,A,k) consists of all functions 
with f(z) in the closure of 7. We may summarize these results in the 


following theorem. 


THEOREM 29. Suppose that X is totally disconnected and that A satisfies 
the three assumptions above. Then the closure of a prime ideal in A or 
C(X,A,k) is prime. Further the following statement is true in C(X, A, k) 
if and only if it is true in A: a closed prime ideal is either maximal or the 
whole ring. 

With more drastic assumptions it is possible to prove that prime ideals 


in C(X,A) are maximal. 


THEOREM 30. Suppose that A is a division ring and that either \ or A 


is discrete. Then the prime ideals in C(X,A) are maximal. 


Proof. Let P be a prime ideal and suppose that (P,f) is proper, f ¢ P. 
Let ZC X denote the set of zeros of the function f; under either hypothesis 
Z is open and closed. Let g and h be the characteristic functions for Z and 
the complement of 7; since gh = 0 we have either g or h in P. In the first 
case g + feP is a function with no zeros, which is impossible. In the second 
case f = fh is already in P. 

We shall now give an example to show that the hypotheses of Theorem 30 
cannot be light-heartedly removed." Suppose that A is a field with a valuation 
and that all non-negative real numbers are assumed as values (actually a dense 


11 This example is based on a similar one constructed by E. Hewitt for the case 
where A is the reals and X the unit interval. 


176 

| 
i 

f 

it 

Br 

W 


TOPOLOGICAL RINGS. 177 


set would suffice). Let us take X to be compact and totally disconnected, 
and let X¥ = U,, U.,- - - be a sequence of compact open sets shrinking to the 
point z Take any function f satisfying |f|—1/n on Un—Una, and 
another function g satisfying |g|—e" on Un—Uns:. Then the ideal 
generated by g does not contain any power of f. For suppose f? = gh, with 
| h | = M. Then on U,— Un; we have = Me™ which cannot be true 
for all n. 

By Zorn’s lemma, expand the ideal (g) to one which is maximal with 
respect to the exclusion of the powers of f. The result is a prime ideal, but 
not a maximal one since it lacks some of the functions vanishing at 2. 


9. Primitive ideals. In a ring with unit a primitive ideal [11] is the 
largest two-sided ideal contained in a maximal right ideal. From Theorem 24 


the following result follows at once. 


THEOREM 31. Let X be compact and totally disconnected, and A a 
Q-ring. A primitive ideal in C(X, A) consists of all functions f with f(x) & P, 
where x is a fixed point of X and P is a primitive ideal in A. 

In particular we see that if all primitive ideals in A are maximal, the 
same will be true in C(Y,4A). 

Jacobson [12] has raised the following question. Let Y be compact and 
totally disconnected, A a discrete division ring, and let C* be a subring of 
C(X,A) containing the constant functions and for any z, ye X a function 
with f(z) ~ f(y). Are the primitive ideals in C* maximal? We shall show 
that the answer is affirmative by proving that C* —C(X,A). Actually we 
can prove the following more general result (it is to be noted that in the 
above case C(X,A,k) is discrete) 


THEOREM 32. Let X be totally disconnected and A a ring having a 
" system of ideal neighborhoods of 0. Let C* be a subring of C(X,A) con- 
taining the constant functions; and for any x, ye X a function f with f(x) = 1, 
f(y) =0. Then C* is dense in C(X,A,k). 


Proof. Since we can work within a neighborhood of 0 in C(X,4A,k), 
it suffices to treat the case where XY is compact. Let U be an ideal neighbor- 
hood of 0 in A, and let K be an open compact set in Y, L its complement. 
We shall show that C* contains a function f with f(K) C1+4+0, f(L) CU. 


** For the case where A is a finite field, Theorem 32 was communicated to me by 
R. Arens. 
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This will complete the proof, for it is readily seen that any function in 
C(X,A,k) can be approximated within U by a finite linear combination of 
such functions. 

Take a fixed point ye L. For any «eK there exists a function g with 


g(x) =0, g(y) =1. In a neighborhood V, of « we have g(V.) CU. 


A finite number of the V’s cover K, and the product of the corresponding q’s 
gives us a function h with h(K) CU, h(y) =1. The function 1—h takes 
values within U in a neighborhood Wy, of y. A finite number of W’s cover L, 
and the product of the corresponding (1 — /)’s gives us the desired function f. 

The space of primitive ideals of a ring, topologized after Stone, has been 
called the structure space by Jacobson. In connection with this concept, we 


ean prove the following result. 


THEOREM 33. If X is totally disconnected and compact, the structure 
space of C(X,A) ts the Cartesian product of X and the structure space of A. 


Proof. Theorem 31, together with its obvious converse, shows that there 
is a one-one correspondence between the two spaces in question; moreover 
each of them is compact. In the direct product take the set D of all pairs 
(b, p), be B, pe P, where B is closed in X and P is a closed set of primitive 
ideals in A, say with intersection /. It will suffice to show that F, the 
corresponding set of primitive ideals in C(X,A), is closed. Let J be the 
intersection of the ideals in #; clearly J consists of all f with f(z) eZ for 
xeB. Moreover for any y¢ B, J contains a function with f(y) = 1: we may 
surround B by an open and closed set U’ excluding y, and take f 0 on JU, 
f=1 on the complement of U. It follows from Theorem 31 that any 
. primitive ideal containing J must consist of all f with f(z) © Q for a suitable 
point z in B and a primitive ideal Q in A. Finally we observe that Q must 
contain 7; since P is closed we have Qe P, and it follows that F is closed. 


10. Functions with values in certain division rings. Let XY be a com- 
pact 7-space and A a division ring. It appears to be an open question 
whether proper ideals in C(X,A) are necessarily fixed. We have seen 
(Theorem 24) that the answer is affirmative when X is totally disconnected. 
Another case where the answer is known to be affirmative is that where A is 
the field of reals or complexes. This latter case can be generalized as follows. 

Suppose that A is a division ring admitting a continuous function 2 > 2* 
such that + yy* —0 implies From the case it is 
evident that such a function cannot exist in a ring of characteristic 2. 
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However one exists in every ring of characteristic different from 2 that I have 
examined. 

Examples. (1) Discrete. Take 0* —0, =a" for 

(2) Formally real. Take 

(3) Complete in an archimedean valuation. Then A is the reals, 
complexes or quaternions, and we take x* to be the conjugate of z. 

(4) Non-archimedean valuation. A possible choice is the following. 
For each value m take a fixed element z,, of that value. Define 0* — 0, 
a* = if 0 has value m. 

(5) The rational numbers under the 6-adic topology. Take 0* = 0, 
and if r= 2"3"st-! (s,¢ prime to 6), = 

In the following we shall write f* for the function defined by f*(z) 
= [f(x)]*, and 7(f) for the set of zeros of f. It is assumed throughout 
that XY is a J'o-space and that A possesses a *-function. 

LemMa 18. For any functions f;,- - +,fn in C(X,A) there exist func- 
tions Jn such that VAGEUE -+ ‘fngn) = Z(f;) (fn). 

Proof. By induction we may assume that we have hy,: +, with 
Z(k) =Z(fihi t+: + =Z7(f1) (fn). We then take 
kk* +- 

LemMMA 19. Jf J is a free proper right ideal in C(X, A), then for every 
fel, Z(f) ts non-compact. 

Proof. For any functions in I, Z(f1) - -°Z(fn) must be 
non-void by Lemma 18. Suppose that for some feJ, Z(f) is compact. Then 
the intersection of all 7(g) °Z(f), as g ranges over J, is non-void, and I 
is fixed. 

CoroLutary. Jf X is compact, every proper ideal in C(X,A) is fixed. 

LemMA 20. Jf J isa free right ideal in C(X,A) and KC X is compact, 
then there exists in I a function not vanishing in K. 

Proof. For any x in K we have a function feZ and a neighborhood Uz 
such that Z(f) Uz is void. A finite number of the U’s cover K, and by 
Lemma 18 we may build from the f’s the desired function. 


Corotuary. A closed proper right ideal in a(x, A,k) is fixed. 


LemMMA 21. Jf M is a maximal right ideal in C(X,A), fe M, and 
Z(9) 2Z(f), then geM. 
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Proof. If not we have gh +m=1 for a suitable me M. But then 
Z(g) °Z(m), and a fortiori Z(f) *Z(m), is void; by Lemma 18, le M. 

Lemma 21 carries with it the evident corollary that the maximal right 
ideals in C(X,A) are two-sided and the primitive ideals maximal. However 
in this connection it may be of interest to show that not all right ideals are 


necessarily two-sided. 


Example. Let X be the unit interval, A the quaternions. Consider the 
principal right ideal generated by f =x - ixy, where we have written y for 
sin (1/z). If this ideal is two-sided we must have jf fg for some con- 
tinuous g. But for x0 we have 


= fif= 9’), 


and this cannot be extended to be continuous at 7 = 0. 


Let M be a maximal ideal in C—C(X,A). If M is fixed, C—M is 
isomorphic to A. If M is free, C — M is still a division ring containing A — 
for the constant functions must be sent into separate residue classes. The 
*-function can be extended to C—M, granted that 0* —0; for then by 
Lemma 21, fe M implies f* e« M, so that the *-function is uniquely definable 
on residue classes, and ff* + gg*eM implies f, ge M, so that the funda- 
mental property persists. 

We shall now give an explicit instance where C — M is a proper extension 
of A. Let X be the same abstract space as A, and let f be the function which 
maps X identically on A. It is impossible that f—ceM for c a constant 
function, for f—c has only one zero and by Lemma 19 this would be a zero 
of all of M, making M a fixed ideal. Thus f does not map into A, and 
‘C—M must be a proper extension of A. 


11. Functions vanishing at a point. Let C(X,A,z2) be the subring 
of C(X, A) consisting of all functions vanishing at the point re X. If X is 
compact we may alternatively describe the functions as vanishing “ at infinity” 
on the locally compact space X —z. Rings of this kind occur in the theory 
of normed rings and Boolean rings without unit. 


THEOREM 34. If X is a compact Hausdorff space and either (1) A ts 
the field of reals or complexes, or (2) X ts totally disconnected and A is 4 
finite field or a field of characteristic zero, then a maximal ideal M in 
C(X,A,z) ts fired. 


18 We mean here that all the functions of M vanish at some point other than 4. 
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Proof. First we prove that M is a prime ideal. The alternative is for 
C—M=C(X,A,x) —M to be a zero ring multiplicatively and a group 
of p elements additively. But then if A has characteristic zero, any feC is 
of the form f—pg, so feM and M=C. If A is a finite field we have 
=f and again M = C.** 

Suppose that W is a free ideal. Then for any ye X, yz, there is a 
function in M not vanishing at y. Following the method of Theorem 24 or 
Lemma 18 as the case may be, we can show that for any neighborhood of z, 
M contains a function not vanishing in its complement. 

Next we show that M contains any function f vanishing in a neighbor- 
hood U of «. Let geM be a function not vanishing in the complement V 
of U. Define h—g"f in V, h=0O in U. Then h is readily seen to be 
continuous, and f = gh is in M. 

Now suppose / is a function not contained in M. Since M is prime, 
also h?e M. Hence (h?,M) =C, and h = kh? + m for suitable ke C, me M. 
Take a neighborhood U of x such that hk ~1 in the closure U’ of U. Then 
m/h = 1—kh is a continuous function different from zero in U’, and so is 
its reciprocal. This function h/m may be extended to a continuous function r 
defined everywhere in X; in case (1) this follows from Tietze’s Theorem, 
in case (2) we may take U to be open and closed and set r= 0 outside U. 
The function hr is in C since it vanishes at z, and so Arm is in M. But 
hrm —-h? vanishes in U and, by our above result, it is also in M. Hence 
M, a contradiction. 


12. The ring of bounded functions. Let C’(X,A) denote the ring of 
continuous bounded functions from X to A — boundedness being defined as 
in 4. The following result is easy to verify. 


THEOREM 35. O’(X,A,u) is a Q-ring if A is a locally bounded Q-ring ; 
if further A is complete, so also is C’(X, A, u). 

It is to be observed that C’(X,A,%) is not in general complete. In fact, 
if A is the reals and X is normal, then C’(X,A,k) is dense in C(X,A,u). 

Suppose that A is a division ring. The spaces of maximal ideals in 
C(X,A) and C’(X,A) both provide compactifications of XY. Gelfand and 
Kolmogoroff [8] have shown for the case where A is the reals that these 
compactifications are homeomorphic. Their technique does not seem to be 


applicable in more general cases. By a different method we are able to prove 


the following theorem. 


** The hypotheses on A in case (2) are only needed at this point to prove that M 
is prime. Still another adequate hypothesis is that A has a valuation. 
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THEOREM 36. Let X be discrete and A a locally bounded division ring 
with the property that for any neighborhood U of 0 the set of inverses of the 
complement of U is bounded.’® Then the spaces of maximal ideals in C(X, A) 


and O0’(X,A) are homeomorphic. 


Proof. Let M be a maximal ideal in C. N = M~*C’", being the contrac- 
tion of a prime ideal, is prime, but in general is not a maximal ideal 
in C’. However it expands uniquely to a maximal ideal M’. To 
prove this we need only show that (N,f,g) is a proper ideal whenever 
(N,f) and (N,g) are both proper. Suppose on the contrary that 
n+f+g=1, neN. Let U be a neighborhood of 0 in A such that 
(1+ U)- is bounded (such a neighborhood exists because of local bounded- 
ness). Let Y be the intersection of Z(n)—the set of zeros of n—and the set 
where f takes values in U. Let p be the function equal to 0 on Y and 1 
elsewhere, g the function equal to 0 on Z(n) — Y and 1 elsewhere. On the 
set where p vanishes, g takes values in 1+ U and has a bounded inverse. 
Hence (g,p) =C’. On the set where q vanishes, f takes values-in the com- 
plement of U and by our assumption has a bounded inverse. Hence 
(f,q) =C’. But pgeWN so that either p or q must be in N. In either 
case we have a contradiction. 

Conversely let us start with a maximal ideal M’ in C’. For any f in (@, 
define f’ to be the function with the same zeros as f, but equal to 1 elsewhere, 
i.e., f’ is the characteristic function of the complement of Z(f). We define 
M as follows: fe M if and only if f’e M’. It is readily verified that M is a 
proper ideal in C. Suppose that WV is not maximal, so that (M, gq) is proper, 
g#M. If g” is the characteristic function of Z(g) we have g’g” =0Oe M’ 
but g’¢M’, hence g” M’, a contradiction since (g,g”) —=C. 

The double correspondence thus established is in fact one-one. Starting 
with M, we have fe MoC’C M’ for any fe M. Hence at least all of M, 
and therefore precisely M, returns on applying the second correspondence. 
Conversely, when we begin with M’ we evidently have M*C’C M’ for the 
corresponding M. Since the expansion of MC’ is unique, the second 
correspondence must return us to M”’, 

Finally to prove the correspondence a homeomorphism, it will suffice 
(since both spaces are compact) to prove that M’ implies MD 
Suppose fe M; for all i, then fe M;’C M’, whence fe M. 

We remark that (for the case X discrete) the space of maximal ideals 


** The field of rationals under the 6-adic topology is locally bounded but does not 


satisfy the latter condition. 
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in C(X,A) is the same for any division ring A, and is in fact the Cech 
compactification BX. 


Another interesting question is the following: if M’ is a free maximal 


ideal in C’, what is C’ — M’? When A is the reals, complexes, or quaternions, 
or a finite field, it is known that C’— M’= A. Apparently it will require 


new methods to extend this result to more general cases. 


UNIVERSITY OF CHICAGO. 
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UNIQUENESS OF SOLUTIONS OF ULTRAHYPERBOLIC PARTIAL 
DIFFERENTIAL EQUATIONS.* 


By 0. G. OWENs. 


Introduction. A solution in a bounded region V of the elliptic partial 


differential equation, L[u] => ue,2, = 0, is unique if on the boundary of V 


the solution assumes prescribed values. The theorem is proved by trans- 
forming by means of Green’s formula the integral j 


fou 


A solution in a bounded region V of the normal hyperbolic partial differ- 


tl 
n 
ential equation, L[w] — > uz,2, = 9, is unique if V is bounded by a d 
characteristic cone of the equation and by a plane ¢ = constant, and if on the 
plane boundary of V the solution and its normal derivative assume prescribed 
values. The theorem is proved by transforming the integral 
in 
f [1] is 
v th 
The purpose of this paper is to establish an analogue of the above classical - 
integral uniqueness procedures for the ultrahyperbolic partial differentiai 
equation, 
n m an 
(1) L[u) => — = 9 (n= 2,m=2), 
é=1 k=1 
The integral yielding the desired uniqueness conditions for solutions of (1) is: (3 
n 
(2) f [2d + nul] L[uldardy. 
I=1 
The resulting uniqueness theorem is applicable to a limit problem which is 
No 
* Received April 2, 1945; Revised July 20, 1946. } 
COs) 
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not a Cauchy problem [2] but a mixed problem having an elliptic and hyper- 
bolic nature. 


Uniqueness Theorems. Three typical uniqueness theorems applying to 
solutions of (1) are: 


THEOREM 1. A solution of (1) existing in a hyper-sphere V is unique 
if the solution assumes prescribed values on the surface V* of V and if its 
normal derivative assumes prescribed values on one of the two regions sub- 
dividing V* and having as boundary the intersection of V* and the charac- 
teristic cone of (1) with vertex at the center of V. 


THEOREM 2. A solution of (1) existing in a hyper-parallelepiped with 
faces parallel to the co-ordinate planes is unique tf the solution assumes 
prescribed values on the faces and if its normal derivative is prescribed on a 
single face. 


THEOREM 3. A solution of (1) existing in a bounded region C is unique tf 
the solution assumes prescribed values on the frontier of C and if C is the region 


m m 

defined by slicing, with planes: x1 =0, x1 + diye = const. (> 2 1), 
k=1 k=1 

any hyper-cylinder having generators parallel to the xi-axis. 


Theorem 1 will now be proved. If there are two solutions of (1) existing 
in V and assuming the same mixed initial data on V*, then their difference 
is a solution assuming vanishing data on V*. Hence it suffices to show that 
the latter solution vanishes identically in V. The proof of this fact is com- 
menced by introducing the symbol 


and forming the identity : 
m 


(3) => — wy,’ 
i=1 k=1 


0 


(xitty,”) - 


Now denote an element of the surface V* by dV* and denote the direction 
cosines of the outwardly directed normal at dV* by 


1 
—1 i=! 
| 
- 
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Ov dv 
Thus, integrating (3) over V, 
(4) f = ,Ue,°drdy — Uy, 
{221 Ur, Us, Ti Ur," }dV* 
e #=1 0 Ov 
v* 
> {221 Uz Uy, — T1 ty,*}dV*. 
k=1 Ov Ov 


Furthermore, assuming the center of the sphere V to be the origin of co- 


ordinates and the radius of V to be one, 


Hence, upon substituting these values in (4), 


m 


(5) f == > 8; — 
k=1 


n n 
— — rite, ]?dV* + 27 
i=1 i=1 
v* v* 


m 
+ — y,uUr,]?dV* — 
k=1 


v* 


k=1 


Therefore, summing (5) with respect to 1, 
(6) = (n—1) > Ur,"dxdy —n > uy,’dady 


k=1 e 4=1 


+ yi? |[ > 
. i=1 


y* 


In addition to relation (6) we have the following: 


Sir 


(11 


( 
( 
Oye 
ay = Ti, ay 
ch 
(1 
TI 
pre 
= 
4 
= 
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(7) f uL[uldzdy = f — 
k=1 i=l 
v 


ul > Vite; Yxuy, |dV*. 
i=1 


Consequently, because of (6) and (7), 


(8) [ + nul = — 
l=1 
v 


it n n 
1 


I=1 
ye 


|dV* + [ Sai? — > yw?) [ ue,?]dV*. 
k=1 e i=1 l=1 


k=1 


Thus, recalling the assumption that u is zero on V* and noticing that 


[ritty, — YxUs,|, are inner derivatives on V*, 


(9) f [ + nul L[uldrdy = — > 
I=1 i=1 


i=1 =1 I=1 


Now, as in the case of the normal hyperbolic partial differential equation, 
the prescribing of limit values for a solution of (1) is influenced by its 
characteristic cone: 

n m 
(10) > Sy? =0. 

i=1 
The effect in our case is that the normal derivative of the solution need be 
prescribed, as being zero, only on that portion of V* for which 


Since this suffices for us to infer from (9) that 


(11) = 0. 


= 
Jf > 
i=1 
V 
~ 
I=1 k 
n m n 
+n f ul > xu 
i=1 
\ 
n m 
27? — = 0. 
{=1 k=1 
Vv 
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Hence, since (11) implies that u does not depend on the variables 24, u is a 
solution of the equation, 


k=1 


But (12) together with the fact that w= 0 on V* assures the vanishing of wu 
on V. Thus, Theorem 1 has been proved. 

The proof of Theorem 2 will now be indicated. Firstly, it is no 
specialization to assume the parallelepiped V to be defined by the inequalities, 


0S (a>0, bk >0), 


and the normal derivative of the solution to be zero on the face x; — a). 
Secondly, because of (5) and (7), 


f [2rur, + ul|L[uldrdy = 
V 


granted that wu vanishes on the faces of V and the normal derivative of u 

vanishes on the face 21a. Thus, since L[u] =0, the solution is inde- 

pendent of the variable z,. Hence, as u=0 on the face 2: = a1, u=0 on V. 
The proof of Theorem 3 is carried through in an analogous manner. 
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NOTE ON SOME STRONG LAWS OF LARGE NUMBERS.* 


By CHUNG. 


Let {Xn} denote a sequence of independent random variables with the dis- 


tribution functions {Vn(z)} and let Sn = zx. Let {av} denote a positive 

increasing sequence tending to infinity. E 

Recently Feller * has proved some theorems which can be looked upon as 
being extensions of a theorem of Marcinkiewicz and Zygmund.’ In the spirit 
of this extension, we shall give an analogous extension of another theorem of 
the latter authors.* together with some colloraries dealing with the strong 
law of large numbers. : 

For the sake of completeness we state the main result of Feller’s paper 
in a version suitable for our purposes. It reads as follows: 


THEOREM 1 (Feller). Let Vn(z) =V (x). Suppose that 


= 1/a?, = O(1/a*;) 
and that either 


an/n| and (xz) =0. 


Let w(x) be a positive, even function such that w(x) T for « > 0 and let 
(dv) =v; 


then 
fe ( 0 
Pr( > Xv/av converges) 


* Received August 7, 1946. 

1Feller, W., “A limit theorem for random variables with infinite moments,” 
American Journal of Mathematics, vol. 68 (1946), pp. 257-262. 

* Marcinkiewicz, J. and Zygmund, A., “Sur les fonctions indépendantes,” Funda- 
menta Mathematicae, vol. 29 (1937), pp. 60-90. See Theorem 5. 

* Loc. cit., see Theorem 9. 
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A close analogue of Theorem 1 for the more general case of unequal 


distributions is the following. 


THEOREM 2. Let y(x) be a positive, even function non-decreasing for 


z>0. Suppose that either 


(i) 


or 
@) 
(ii) w(x)/a | and f =0 for all v. 
Let 
co 
(1) f My). 
-0O 
If the series 
oo 
(2) >. My /W(av) 
is convergent, then 
co 
(3) Pr( Xv/av converges) = 1. 


Conversely, if the series (2) is divergent, then there exists a sequence of 
independent random variables {Xv} having distribution functions {Vv(zx)} 
such that (1) is satisfied and 


oO 
4 Pr( > Xv/ay diverges) = 1. 
g 


Proof. Let E(X) denote the mathematical expectation of X. Define 


Y Xy if Xv | < aly. 
ORE, | => av. 


Consider the case (i) first. We have 
co / oo 
p=1 v=1 
<ay 


< > f dV (2) (ar) 


since y (av) /av? S /z? for | «| < av by assumption (i). 


Next we have 


| 
\ 
] 
¢ 
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(|  |/av) dV, (2) 


|a| <ap 


la| <<ap 
Finally, 


v=1 
|a|Zap 


<3 f /H(a,). 


Hence (3) follows from Kolmogoroff’s three-series theorem.* 


In case (ii) the only modification is that we have 


00 oo 
> | E(¥+)|/a = | rdV | 


|2|Zay 


since now W(dy)/av Sy(x)/x for | x | 2 av by assumption (ii). 


Finally, if (2) is divergent, we proceed, following Kolmogoroff, by 
defining a sequence of independent {Xv} as follows: 


If My = 1, 


y + dy each with probability My) /2y(av) ; 


0. with probability 1— My) (av). 
If My /p(av) > 1, 
Xy = + y"*(My™?) each with probability 1/2, 
where y~'(x) denotes the inverse function of y. In either case we have 
Pr(| | 2 av) = min (My /p(av), 1). 
Hence by Borel’s lemma 
Pr( lim | X, | =1) —1, 


v->00 


and (4) follows. 


* Kolmogoroff, A., “ Uber die Summen durch den Zufall bestimmten unabhangigen 


Gréssen,” Mathematische Annalen, vol. 99 (1928), pp. 309-319, and vol. 102 (1929), 
pp. 484-488. 
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By the well-known Kronecker theorem, we can deduce from (3) sufficient ™ 
conditions for the strong law of large numbers. It is then seen that our! 
criterion includes those of Kolmogoroff, Marcinkiewicz and Zygmund. Among” 
the consequences, which seem to be new as far as we are aware, we point out. 
the following cases. q 


CoROLLARY 1. Suppose f Let be any positive, 


even function non-decreasing for x > 0 such that 
oo 
1/vo(v) < 
In particular we may take (x) = | log| «| |**,e>0. Then if 
Se 
a” 


where C is independent of v, we have 


Pr( lim s,/n = 0) = 1. 


CoroLLaRY 2. Suppose f =0. If 1<p<2 and for 

e>0 


oo 
| |? | log | a =C 
-00 


where C is independent of v, we have 


Pr( lim s,/n’/? = 0) 1. 
n->0o 


These results may be compared with those for the case of equal distri- 7 
butions, where the conditions are weaker in that the logarithm factor in the J 
above is omitted. Our results however are the best possible in the sense of | 


the second part of Theorem 2. 
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